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ABSTRACT
Relativistic quantum theory and plasma theory are extended and 
combined in this thesis. Specific response tensors (for a plasma) and 
vacuum polarization tensors are calculated and plasma techniques are 
used to treat certain relativistic quantum processes in the presence 
of a static uniform electromagnetic field.
The linear vacuum polarization tensor in an electromagnetic 
wrench (i.e. in parallel electric and magnetic fields) is calculated 
exactly as a function of the field strengths and the wave vector. The 
tensor is renormalized explicitly by a consideration of its tensor 
structure. The wave properties and absorption coefficients (due to 
pair production) for the two electromagnetic modes of the birefringent 
vacuum are calculated exactly. The conditions for Cerenkov emission 
in the vacuum permeated by an electromagnetic wrench are investigated. 
An alternative method for calculating the linear vacuum polarization 
tensor in a magnetic field is developed using the relation between the 
imaginary part of the tensor and the probability for emission and 
absorption of a photon by an electron in a magnetic field.
For a spatially dispersive medium the requirements of causality 
and special relativity are used to develop a generalized dispersion 
relation (a generalization of the Kramers-Krönig dispersion relation). 
An error is pointed out in earlier versions of this relation. The 
field-free linear vacuum polarization tensor is shown to satisfy the 
generalized dispersion relation explicitly.
The quadratic vacuum polarization tensor in a magnetic field is 
calculated exactly as a function of the field strength and the wave 
vectors. The tensor is used to derive exact absorption coefficients 
due to photon splitting in the magnetized vacuum, including the 
effects of the magnetic field on the properties of the photons.
iv
The properties of the natural wave modes of a relativistically- 
streaming electron-positron plasma in an intense magnetic field are 
explored. The results are applied to an interpretation of the 
polarization characteristics of pulsar radio emission. The wave 
properties for the optical, X-ray and y - r a y emissions from the near 
magnetosphere of a pulsar are shown to be determined by the 
polarization of the magnetized vacuum. It is established that 
Cerenkov emission and photon splitting in the magnetized vacuum are 
insignificant in a pulsar magnetosphere.
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XOUTLINE OF THE THESIS
The aim of this thesis is to extend and combine relativistic 
quantum theory and plasma theory. Specifically, relativistic quantum 
theory is used to calculate the response tensors for a plasma 
(including the response of the vacuum which is described by the vacuum 
polarization tensors) and plasma techniques, which involve the use of 
these response tensors, are used to treat processes in the vacuum as 
well as in a relativistic quantum plasma. The influence of an ambient 
static uniform electromagnetic field on these processes is treated 
exactly. The results are applied to an investigation of the electro­
magnetic emission from pulsars. The presence of an intense electro­
magnetic field should have a dominant influence on processes occurring 
in the neighbourhood of a pulsar [Canuto and Chiu 1971; Canuto 1975; 
Canuto and Ventura 1977].
The polarization of the vacuum and its related physical processes 
in an ambient electromagnetic field and in a collisionless electron- 
positron plasma are studied in detail using the techniques of plasma 
physics. The polarization of the vacuum results from the creation and 
annihilation of virtual particle-antiparticle pairs. To a first 
approximation each type of particle-antiparticle pair contributes to 
the polarization of the vacuum an amount inversely proportional to the 
square of the mass of the particle. The electron-positron 
contribution is dominant and it is this contribution which is studied. 
The nonlinear effects due to the polarization of the vacuum which are 
researched include birefringence (due to the existence of two natural 
wave modes with different refractive indices for wave propagation in 
the vacuum permeated by an ambient electromagnetic field), the 
splitting of a photon into two photons in the presence of an ambient 
electromagnetic field and the scattering of photons by photons. 
Processes related to the polarization of the vacuum in the presence of 
an ambient electromagnetic field are also studied. These include
xi
photon-induced pair production, Cerenkov emission and gyromagnetic 
emission.
The ambient electromagnetic field is regarded as static. In 
practice this restricts the validity of the theory of those processes 
which occur on a time-scale much shorter than any time-scale 
associated with secular changes of the ambient field. In the absence 
of other changes the ambient field decays by the spontaneous creation 
of particle-antiparticle pairs (the "Klein catastrophe") except when 
both JE.J3=0 (a "wrenchless" field in the notation of Synge [1965, 
chap. 9]) and |B|2 >  |E|z are satisfied. (A wrenchless field with 
IBI 2 > IEI 2 is a purely magnetic field in some inertial frame of 
reference. A wrenchless field with |bJ2 = |eJ2 is a "null" field in 
the notation of Synge.)
Quantum effects associated with an ambient electromagnetic field
become important for field strengths of order the critical field
strength E =B =m2c3/eh. The magnetic fields believed to be c c
associated with pulsars are the only known macroscopic fields 
comparable to B^. For this reason the discussion of relativistic 
quantum processes in an ambient electromagnetic field is directed 
towards processes in a purely magnetic ambient field. Results for 
processes in a wrenchless field with |B j 2 > |eJ2 may be obtained from 
the corresponding results for a purely magnetic field by applying a 
Lorentz transformation. Except for a null field, results for 
processes in an arbitrary static uniform electromagnetic field may be 
obtained from the corresponding results for an electromagnetic wrench 
by applying a Lorentz transformation.
The thesis is divided into three parts. Part I (chapters one, 
two, three) contains details of the formalism used and a review of the 
literature available on the specific processes to be studied. The 
response tensors and vacuum polarization tensors in specific ambient 
electromagnetic fields are evaluated in part II (chapters four, five) 
and a generalization of the Kramers-Krönig dispersion relation is 
given. A treatment of relativistic quantum processes based on the 
tensors calculated in part II, emphasizing the use of plasma 
techniques and the applications to pulsars, is presented in part III
xii
(chapters six, seven).
Chapter one is an introduction to the thesis. Relativistic 
quantum electrodynamics, vacuum polarization and the relativistic 
quantum theory of dispersive media are discussed briefly. The 
importance of the discovery of pulsars in stimulating research on 
processes in an intense electromagnetic field is emphasized.
A review of the literature available on relativistic quantum 
processes in an ambient electromagnetic field is given in chapter two. 
A derivation of the phenomenological Lagrangian density of Heisenberg 
and Euler [1936] is presented and the Lagrangian density is used to 
obtain the refractive indices of the vacuum, the probability for 
photon splitting in the magnetized vacuum and the cross section for 
photon-photon scattering. These results are valid for photon energies 
very much less than twice the rest-mass energy of an electron. The 
Heisenberg-Euler Lagrangian density is also used to give a 
quantitative treatment of the Klein catastrophe. The photon 
absorption coefficients due to pair production in a magnetic field and 
in a null field are presented and the Kramers-Krönig dispersion 
relation is used to calculate the vacuum refractive indices from these 
absorption coefficients. Serenkov and gyromagnetic emissions by a 
particle in the magnetized vacuum are also discussed.
Chapter three contains a review of the theory of an electron in a 
static uniform electromagnetic field. The solution of Dirac's 
equation for an electron in an ambient magnetic field is discussed.
Two forms of the electron propagator in a static uniform electro­
magnetic field are presented. Both forms of the propagator include 
the effect of the ambient field exactly to lowest order in the 
radiation field (i.e. without radiative corrections). One form of the 
propagator is the 1-dimensional integral representation which is 
written down explicitly for an electromagnetic wrench. The other form 
of the propagator is an averaged propagator in a magnetic field which 
includes a contribution from a collisionless electron-positron plasma 
and is written in the form of a summation over the quantum numbers of 
an electron in an ambient magnetic field. The exact electron 
propagator in an ambient electromagnetic field is also discussed.
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This propagator includes the effect of both the ambient and radiation 
fields exactly.
In chapter four the response tensors and vacuum polarization 
tensors are defined, their reality, symmetry and causality properties 
are discussed and the tensors are derived in the field-free (i.e. no 
ambient field) limit. In addition, the causality condition as 
expressed by a dispersion relation is generalized to include the 
requirement from special relativity that the effect be in the forward 
light cone from the cause. An error is pointed out in earlier 
generalizations of the causality condition. The field-free linear 
vacuum polarization tensor is shown to satisfy the generalized 
dispersion relation. Apart from the discussion of the generalized 
dispersion relation this chapter is essentially of a review nature.
The linear, quadratic and cubic response tensors and vacuum 
polarization tensors in specific ambient electromagnetic fields are 
derived in chapter five. The results obtained are more general than 
those available in the literature. In particular, the linear vacuum 
polarization tensor in an electromagnetic wrench and the quadratic 
vacuum polarization tensor in a magnetic field have not been 
calculated previously.
In §5.1 it is shown that consideration of the tensor structure of 
the linear vacuum polarization tensor allows one to identify the gauge 
dependent and divergent parts of the tensor. Explicit renormalization 
of the tensor is achieved by discarding these parts. The two 
representations of the electron propagator given in chapter three are 
used in §§5.2 and 5.3 to calculate an integral representation of the 
renormalized linear vacuum polarization tensor in an electromagnetic 
wrench and a summation representation of the linear response tensor 
for a collisionless electron-positron plasma in a magnetic field. The 
vacuum part of the linear response tensor is renormalized and some of 
the summations are performed explicitly. The integral and summation 
representations of the linear vacuum polarization tensor in a magnetic 
field are shown to be identical in the low-frequency long-wavelength 
limit and in the low-frequency strong-field limit.
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An integral representation of the quadratic vacuum polarization 
tensor and a summation representation of the quadratic response tensor 
are calculated in §§5.4 and 5.5 for an ambient magnetic field. The 
tensors are symmetrized and are shown to satisfy certain symmetry 
relations. It is not necessary to renormalize these tensors. The 
vacuum parts of the tensors vanish in the absence of an ambient field.
For an ambient magnetic field a prescription for calculating an 
integral representation of the cubic vacuum polarization tensor is 
given in §5.6 and a summation representation for the cubic response 
tensor is calculated in §5.7. These tensors must be symmetrized and 
renormalized. The exact photon propagator in an electromagnetic field 
is discussed in §5.8.
In chapter six, plasma techniques involving the use of the 
tensors derived in chapter five are applied to treat specific 
relativistic quantum processes in an ambient electromagnetic field.
The results presented in this chaper are more general than the 
corresponding results reviewed in chapter two.
The exact wave properties of the natural modes of the vacuum
permeated by an electromagnetic wrench are derived in §6.1. Explicit
results for the wave properties are given in the weak-dispersion limit
(i.e. for vacuum refractive indices approximately equal to unity).
The low-frequency and high-frequency wave properties are considered in
detail in the weak-field limit (i.e. for E,B<<B ). In the extremec
strong-magnetic-field limit B >> (37T/a)Bc it is shown that the two 
modes reduce to forms equivalent to the magnetoacoustic and shear 
Alfven modes in a plasma with Alfven speed much greater than the speed 
of light. Cerenkov emission in Vacuo is considered in §6.2. Cerenkov 
emission by extremely relativistic particles is possible when the 
vacuum refractive indices are greater than unity. The emission is a 
complex effect since the vacuum is birefringent and anisotropic.
The exact absorption coefficients (due to pair production) for 
the natural wave modes of the vacuum are derived in §6.3. The exact 
absorption coefficients for an electromagnetic wrench are evaluated 
analytically in the high-frequency weak-field weak-dispersion limit.
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A crossing symmetry is used in §6.4 to calculate the probability for 
the emission of a photon by a particle spiralling in a magnetic field 
from the probability for pair production in a magnetic field. A 
procedure is given for obtaining the linear vacuum polarization tensor 
in a magnetic field from a known expression for gyromagnetic emission.
The exact absorption coefficients due to photon splitting in a 
magnetic field are derived in §6.5. These exact results include the 
effects of the ambient field on the properties of the photons. The 
non-dispersive case (where each photon is assumed to propagate along 
the light cone) is considered in detail. It is shown that the 
probability for photon splitting in both the weak-field and low- 
frequency limits is greatest when the energy of the initial photon is 
divided equally between the two final photons. Prescriptions are 
given in §§6.6 and 6.7 for calculating the photon-photon scattering 
cross-section in a magnetic field and for calculating the 
probabilities for wave-wave interactions in a plasma.
In chapter seven, the results of the earlier chapters are applied 
to an investigation of the electromagnetic emissions from pulsars. 
Sections 7.1 and 7.2 contain reviews of the observational data on 
pulsars and of polar-cap models of pulsars (where the radio emission 
is attributed to relativistic particles streaming outwards along the 
open field lines of a pulsar). In §7.3 it is shown that spontaneous 
pair production has a negligible effect on the electromagnetic field 
surrounding a pulsar.
The wave properties of the electromagnetic modes of a 
relativistically-streaming electron-positron plasma in an intense 
magnetic field are derived in §7.4. These wave properties are 
relevant to the radio emission from pulsars. For approximately equal 
numbers of electrons and positrons and highly relativistic streaming 
the natural wave modes of a pulsar magnetosphere are found to be 
approximately linear at radio frequencies. This result is used to 
interpret the observation of orthogonal modes in the radio emission 
from pulsars in terms of propagation effects in a medium with linearly 
polarized natural modes. The wave properties for the optical, X-ray 
and y-ray emissions from the near magnetosphere of a pulsar are shown
to be determined by the polarization of the magnetized vacuum.
In §7.5, Cerenkov emission in the magnetized vacuum is rejected 
as an emission mechanism for the radio, optical and X-ray emissions 
from pulsars. The importance of photon-induced pair production to 
polar-cap models of pulsars is reviewed in §7.6. The insignificance 
of photon splitting in a pulsar magnetosphere is demonstrated in §7.7.
In conclusion, it is emphasized that care must be taken when 
considering processes for field strengths of order the critical field 
strength B^. Examples from the literature are given where neglect of 
radiative corrections to the Feynman diagram corresponding to a given 
process in an intense field has led to incorrect results for the 
process. It is pointed out that exact vacuum polarization effects 
(without approximation in the radiation or ambient fields) may in 
principle be derived from the linear, quadratic and cubic vacuum 
polarization tensors. Finally, areas of theoretical and astrophysical 
interest requiring further research are suggested.
PART I
INTRODUCTION AND REVIEW
CHAPTER ONE
INTRODUCTION
1.1 Notation
The notation used in this thesis is that of Berestetskii et at. 
[1971], with the exceptions that here the electronic charge is -e and 
Sp denotes the trace over Dirac matrices. Unrationalized Gaussian 
units with ti = c = 1 are used; the fine structure constant a being 
equal to the square of the electronic charge. The symbols := and =: 
define the quantities on the left and right respectively.
1.1.1 Tensor notation
Each element in a tensor equation is either a kernel symbol with 
none, one or more indices, or a product of such symbols. Indices may 
have affixes (e.g. primes as superscripts or numbers as subscripts) 
and two indices are identical only if they have the same affix. No 
index may appear more than twice in a given element. Indices which 
appear once are called free indices, and those which appear twice are 
called dummy indices. Summation over dummy indices is implied. The 
rank of a tensor is equal to the number of its free indices. Scalars 
are tensors of rank zero and vectors are tensors of rank one.
The indices for 3-tensors are Latin subscripts which denote 
Cartesian components, usually understood to be labelled 1,2,3 or x,y,z. 
A 3-tensor equation retains its form under Galilean transformations of
2the three Cartesian coordinates. The indices for 4-tensors are either 
Greek subscripts (for covariant components) or superscripts (for 
contravariant components), usually understood to be labelled 0,1,2,3 
or t,x,y,z. Each free index in a 4-tensor equation must be either a 
subscript or a superscript in every component and dummy indices must 
include one subscript and one superscript. A 4-tensor equation 
retains its form under Lorentz transformations of the tensor 
coordinates. A theory which is written in 4-vector notation and 
obviously retains its form under Lorentz transformations is said to be 
manifestly covariant. A 4-scalar is called a Lorentz invariant.
The unit 3-tensor or Kronecker delta is defined by
ij
for i = j , 
for i^ j .
(1.1-1)
The permutation symbol £ ^, which acts like a third rank 3-tensor in
tensor equations, is defined by
'ijk *
1 for i,j,k an even permutation of 1,2,3 ;
-1 for i,j,k an odd permutation of 1,2,3 ;
0 otherwise , (1.1-2)
where the Cartesian components are assumed to be labelled 1, 2 and 3. 
The permutation symbol is completely anti-symmetric in the sense that 
it reverses sign when any two neighbouring indices are interchanged.
A basic identity is
£abc£ijk 6 .6  6 + 6 6 6 . + 6 . 6 6 .ai bj ck ak bi cj aj bk ci
(1.1-3)
- 6 6 . 6 . - 6 6 6 . -  6 6 . 6 . .bi aj ck bk ai cj bj ak ci
yvThe metric tensor has contravariant components g and covariant
components g which are numerically equal, and which are diagonal
3with components (1,-1,-1,-1). The metric tensor is used to raise and 
lower indices; for example, a = g ,aV and b^ = g^a,,. The mixed 
components tensors g^ and g ^ correspond to the unit tensor 6^ which 
is diagonal (1,1,1,1). The cjuanfi+ses g^V and g^V (numerically equal to 
gj^ and g ^  respectively) are defined as diagonal (0,-1,-1,0) and 
diagonal (1,0,0,-1) respectively.
A 4-vector a^ is defined in terms of its time component a° and 
space components a by writing a ^ = (a°,a). The contraction of two 4- 
vectors a^ and b^ is given by
a tab := a b g a°b. o,o u a b -  a.b , (1.1-4)
and the contractions over the 1 and It sub-spaces are defined by
(ab)j^ a, T 1 := a b g
(ab) | 0  T I:= a b gaT
(1.1-5)
The 1 and I components of a 4-vector are defined by
8 1  a c and « I I  a c (1.1-6)
respectively. Frequently used 4-vectors are
:= (t,r)
II
o
:= (a),k)
i V : = (P,j)
-e-II
for 4-position, 
for 4-momenturn, 
for wave 4-momentum, 
for 4-current density,
for 4-potential. (1.1-7)
41.1.2 The Fourier transform
The 4-dimensional Fourier transform of a function F(x) is written
F(k) d4x exp(ikx) F(x) (1.1-8)
and its inverse is
F(x) d4k(2tt)l exp(-ikx) F(k) , (1.1-9)
where the argument x stands for the 4-vector x^ and d4x stands for 
dx°dx!dx2dx3 (=: dt d3r) and likewise for k and d4k. The tilde on F 
is to denote that it is a different mathematical function to F. In 
the remainder of this thesis the tilde is dropped and the Fourier 
transform is denoted simply as F(k). The convolution theorem states 
that the Fourier transform of a product of two functions, e.g. of
H(x) := F(x) G(x) , (1.1-10)
is the convolution of their Fourier transforms, i.e.
H(k) (2tt) 4 F(k-k’) G(k') . (1.1-11)
1.1.3 The Dirac delta function
The Dirac delta function 6(x) is a (generalized) function defined 
such that when multiplied by a function f(x) which is continuous at 
x = 0 and integrated with respect to x over any interval containing 
x=0 the result is f(0). The 4-dimensional delta function 6^4)(x) is 
related to its time and space components by
(x) = 6(x°) S(x’) S(x2) 6(x3) =: <5(t) 6(a)(r) . (1.1-12)
The Dirac delta function satisfies the relations
56(-x) = 6(x) ,
16(cx) 6(x) ,
6[f(x)]
6(x - x )
where x^ denotes the set of (simple) zeros of f(x)
1.1.4 The Dirac matrices
The four Dirac matrices yM are defined by
(1.1-13)
yV  + yV  = 2g^ V , (1.1-14)
where the unit 4 x 4  matrix on the right hand side is understood. The 
standard representation of the Dirac matrices is
(1.1-15)
where each element 0, 1 or o is a 2 x 2  matrix with the Pauli matrices 
O  given by
1  o' ' 0 a
Y °  s - II<—11o - o  0
0 1 
1 0
0 -i
1 0
1 0 
0 -1
. (1.1-16)
The shorthand notation
&. := yMa^ and 0 :: YU3 (1.1-17)
is introduced where
<L _3 
’ 3rJ (1.1-18)
61.2 Relativistic quantum electrodynamics 
and vacuum polarization
Relativistic quantum electrodynamics is the most general theory 
of electrodynamics. Various formulations of the theory are discussed 
by Jauch and Rohrlich [1976, Supplement SI] and others. The earliest 
formulation of quantum electrodynamics was the ’’hole theory" of Dirac.
1.2.1 Dirac’s hole theory
One of the earliest successes in developing the theory of quantum 
electrodynamics was the formulation by Dirac [1928 a,b] of a 
relativistic wave equation for the description of an electron in an 
ambient electromagnetic field. Unlike the earlier scalar equation of 
Schrödinger [1926], Gordon [1926] and Klein [1926], Dirac’s equation 
incorporated the electron spin and had a positive definite expression 
for the charge density. The existence of a negative-energy solution 
of Dirac’s equation presented the problem, however, of explaining why 
positive-energy electrons do not make radiative transitions to these 
lower energy levels. The introduction of hole theory by Dirac [1930] 
essentially solved this problem. In hole theory one assumes that all 
negative-energy levels are occupied by an infinite "sea" of unobserv­
able electrons. Transitions of positive-energy electrons to these 
levels are forbidden by the Pauli exclusion principle and the vacuum 
is redefined as having all negative-energy levels occupied and all 
positive-energy levels empty.
One consequence of hole theory is the possibility for a negative- 
energy electron to be excited into a positive-energy state by 
absorbing radiation of energy greater than twice the rest-mass energy 
of an electron. The resultant hole in the negative-energy sea was
7reinterpreted by Dirac as the presence of a positively charged 
particle with positive energy. This positive-energy particle was 
later identified as the particle observed by Anderson [1932 a,b], that 
is, the positron.
The annihilation of a single photon in the field-free vacuum to 
produce an electron-positron pair is prohibited since this process 
would violate the law of conservation of 4-momentum, that is, the 
annihilation is kinematically forbidden. Specifically, an initial 
photon with momentum k and energy 03 = |k| cannot decay into an electron 
with momentum p and energy £ = (m2 + |p|2)  ^and a positron with momentum 
p' and energy £ f = (m2 + ]p’|2) 2 because conservation of energy 
( u 3  = £ 4- £ ’) is incompatible with conservation of momentum (k = p + p ’). 
Single-photon pair production is permitted in the presence of an 
ambient electromagnetic field because the field can transfer momentum 
(but not energy) to the particles and can thereby allow energy and 
momentum to be conserved simultaneously.
One difficulty encountered in the original formulation of hole 
theory was the enormous charge density associated with the negative- 
energy sea. This difficulty was overcome by Heisenberg [1934 a,b], 
Kramers [1937] and others by transforming hole theory into a many- 
particle second-quantized formalism in which there is complete 
symmetry between positive and negative charges. This transformation 
involved replacing the spinor wavefunctions by field operators, the 
Fourier coefficients of which are creation and annihilation operators 
in a space of many electrons and positrons.
81.2.2 The polarization of the vacuum
The production of virtual electron-positron pairs by a single 
photon i-n vacuo is possible since the energy of a virtual particle is 
independent of the momentum of the particle. These pairs may interact 
with one or more photons before being annihilated. In particular, 
they may interact with a static field such as the Coulomb field of a 
charged particle. Depending on the sign of the charge, a charged 
particle attracts or repels (to infinity) the components of a virtual 
electron-positron pair created in its Coulomb field. Consequently, 
the observed particle charge is the original bare particle charge 
(which may be infinite) partially cancelled by the charges of the 
virtual electrons (and positrons) surrounding the particle. This 
situation is analogous to that of a charged particle polarizing a 
dielectric material where the effective charge is the original charge 
divided by the dielectric constant of the material. For this reason, 
the process of virtual electron-positron pair production is known as 
"vacuum polarization".
For distances from a particle less than about the Compton wave­
length of an electron (i.e. for r < 1/m, where m is the rest mass of an 
electron) the induced vacuum charge due to the polarization of the 
vacuum cannot entirely shield the bare charge to give the charge 
observed at greater distances. Furry and Oppenheimer [1934] were the 
first to suggest that this may result in a modification of the Coulomb 
potential. These authors were also the first to point out that a 
direct evaluation of the polarization of the vacuum by a charged 
particle gives a divergent result.
The first quantitative treatment of the vacuum polarization
induced by a point charge was given by Uehling [1935] using a semi- 
classical method, that is, without quantizing the electromagnetic 
field. This method was based on the work of Dirac [1934] and 
Heisenberg [1934a] in which convergent expressions for the expectation 
values of physical quantities were obtained by omitting terms to which 
no physical significance could be attached. This method gave correct 
results to lowest order in the fine structure constant but it could 
not be used to evaluate higher order corrections. Weisskopf [1936] 
noted that the contribution to the induced vacuum charge that is 
proportional to the bare charge, with a logarithmically divergent 
coefficient, would result in an effective reduction of the magnitude 
of all charges by a constant factor which would not be observable 
separately under normal circumstances. This suggested a relationship 
between the elimination of the divergence associated with vacuum 
polarization and the redefinition (renormalization) of the charge of 
the electron. This relationship was made explicit by the development 
of invariant perturbation theory (see below).
To first order in the fine structure constant the result for the 
modified scalar potential of a particle of charge Ze may be written as
<Kr) exp(-2mrz)f
Ze
r
a exp(-2mr) 
4tt^  (mr)%
2a
37T tn(mr) + C + — 6
for r »  1/m ,
for r << 1/m , (1.2-1)
where C = 0.577 ... is Euler's constant. Only the modification linear 
in the Coulomb potential has been included in (1.2-1); non-linear
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corrections have been obtained by Wichmann and Kroll [1956] .
(Radiative corrections of order a to the result (1.2-1) have been 
calculated using invariant perturbation theory by Källen and Sabry 
[1955].)
By inspection of (1.2-1) the polarization of the vacuum by a 
charged particle increases the magnitude of the potential relative to 
the Coulomb potential, an effect apparently opposite to that due to 
the polarization of a dielectric. The two effects are generically 
equivalent, however, because in both cases the polarization of the 
medium has the effect of reducing the magnitude of the potential of 
the bare charge. The apparent difference is a result of the bare 
charge being Ze only in the case of the dielectric.
The modification (1.2-1) to the Coulomb potential modifies the 
energy levels in the hydrogen atom (the Lamb shift) and mesic atoms 
and it contributes to the fine structure of the positronium ground 
state. These effects have been verified experimentally [see e.g.
Jauch and Rohrlich 1976, Supplement S5] and they indicate that the 
polarization of the vacuum is a real effect.
1.2.3 Renormalization
Invariant perturbation theory, a manifestly covariant formulation 
of quantum electrodynamics which gives finite results to any order in 
the fine structure constant, was developed by Tomonaga, Schwinger, 
Feynman, Dyson and others in the years 1946 to 1951 [see e.g.
Schwinger 1958]. Invariant perturbation theory is manifestly gauge 
invariant; that is, the theory is independent of an arbitrary gauge 
transformation A^(k)-*A^(k) - ik^1 x(k), where x is an arbitrary
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function of its argument. In invariant perturbation theory, all 
divergences of quantum electrodynamics (e.g. vacuum polarization) are 
isolated into terms which may be discarded by a process of 
renormalization of the electron charge, the electron mass and the wave 
function normalization. This renormalization procedure may be carried 
out consistently for all terms in a perturbation expansion of the 
interaction between the electromagnetic and electron-positron fields.
It is worth emphasizing that the necessity to renormalize quantum 
electrodynamics is not in itself a difficulty of the theory. Any 
theory of interacting physical systems requires the replacement of 
certain bare quantities by their observed values even if the theory is 
not divergent. For example, the bare field of a charged particle in a 
plasma must be replaced by a self-consistent field consisting of the 
sum of the bare field and a "shielding" field due to a cloud of 
co-moving particles [see e.g. Melrose 1978, §10.4]. The difficulty in 
quantum electrodynamics is that the renormalization procedure involves 
subtracting renormalization constants which are infinite. The fact 
that this procedure completely removes all divergences is a fortuitous 
consequence of the theory.
1.2.4 The vacuum polarization tensors
The formalism of Feynman diagrams is convenient for a description 
of vacuum polarization processes. The standard rules for drawing the 
diagrams and calculating the scattering amplitudes in the momentum 
representation are given by Berestetskii et dl. [1971, §78], for
example.
The linear vacuum polarization tensor (to lowest order in the
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radiation field) may be written down in terms of the amplitude for the 
"bubble” diagram of figure 1-1, where k denotes the photon 4-momentum 
and p denotes the 4-momentum of the virtual electron.
Figure 1-1: The "bubble" diagram.
Using the standard rules the field-free linear vacuum polarization 
tensor is given by
a^V (k) = -ie2 Sp (2tt)4 YPG(p ) YVG(p-k) , (1.2-2)
where G(p) is the field-free electron propagator (cf. §3.2). The 
lowest order radiative corrections to the linear vacuum polarization 
tensor may be written down in terms of the amplitudes for the three 
diagrams of figure 1-2.
The quadratic (i.e. first order nonlinear) and cubic (i.e. second 
order nonlinear) vacuum polarization tensors (to lowest order in the 
radiation field) may be written down in terms of an average of the 
amplitudes of the two "triangle" diagrams of figure 1-3 and the six 
"box" diagrams of figure 1-4 respectively. Using the standard rules 
the field-free quadratic vacuum polarization tensor is given by
ayVp(k,k\k") = Ss[ayVp(k,k',k") + ayVp(k,k',k")] , (1.2-3)
13
p-k+k
Figure 1-2: The lowest order radiative corrections to the
bubble diagram.
k’
Figure 1-4: A "box" diagram. There are six distinct such
diagrams corresponding to the six orderings 
of the final photon lines.
14
where
otPVP(k,k’ ,k") := ie3 Sp
4
-^-•YyG(p) YVG(p-k') YPG(p-k)
and
,yvp ypV(k,k',k") := öj (k,k",k')
(1.2-4)
(1.2-5)
and with the identity k = k ,+k" understood. Due to the charge- 
conjugation invariance of quantum electrodynamics one has
uvp ,yvp(k,k’,k") = -a^ K(k,kT,k") and the quadratic field-free vacuum
polarization tensor vanishes [Furry 1937]. Using the standard rules 
the field-free cubic vacuum polarization tensor is given by
ayVpö(k,k’,k",km ) ii OY
|M s’
where
apVpö(k,kT,k",k,M) . 1 : = -ie
. + apvpa(k,k',k’\k'")] ,
(1.2-6)
f 4
- ^ T T yV p) YVG(p-k') YPG(p-k’-k") (2tt)
X y G(p -k) , (1.2-7)
and where the remaining five terms on the right hand side of (1.2-6) 
are obtained from apVpa(k.,k' ,k",k,M) by making all permutations among 
(V,k’), (p,k") and (a,k,M). In addition, the identity k = k ’ + k" + k,M is 
understood in (1.2-6).
The use of the Fourier transformed propagators in (1.2-2),
(1.2-4) and (1.2-7) implies that the electron propagator between (t,r) 
and (tT,rT) depends only on the differences ir-r^ and t - t T. In the 
presence of an ambient field the electron propagator depends on r and 
r* separately (cf. §3.4) and (1.2-2) must be replaced by
apV(x,x’) = -ie2 Sp [y^G(x,xT) yVG(xf,x)] , (1.2-8)
where G(x,xf) is the electron propagator including the effect of the
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ambient field exactly. One may Fourier transform aPV(x,x') with 
respect to its time dependence to give
a^V (w; r-r') = -ie2 Sp
where the dependence of a ^ on r - r ’ (rather than on both r and r’ 
independently) follows from translational invariance in a homogeneous 
medium.
TPG(r,r';w) YVG(r',r; a) - w) ,
(1.2-9)
It is worth noting that the linear vacuum polarization tensor in 
an ambient field is linear in the radiation field but nonlinear in the 
ambient field. The linear vacuum polarization tensor describes non­
linear effects due to the interaction between a photon and the ambient 
field. This interaction, for example, leads to vacuum refractive 
indices which are field dependent.
In the presence of an ambient field, (1.2-4) must be replaced by
ayVp(x,x’,x") = ie3 Sp [YyG(x,x1) yVG(x’,x”) yPG(xn,x)] ,
(1.2-10)
or
aPVp(o>,ü)’ ,(0”; r.r'.r") = ie3 Sp /G(r,r’ ;B)
x YVG(r,r" ÖÖ-Ü)') yPG(r",:r; w - w) , (1.2-11)
with ay^P depending only on the differences between the coordinates. 
This ensures that after taking the spatial Fourier transform, with 
k, k ’ and kM the Fourier components for r, r ’ and r" dependences 
respectively, the identity k = k T+k" is satisfied. Similarly 
o0 = 0)’ +0)" is understood in (1.2-11) and in the temporal Fourier 
transform of (1.2-10). The quadratic vacuum polarization tensor in an 
ambient field is not identically zero. The generalization of the 
tensor otPVpa to include the effect of an ambient field is analogous to
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the generalization of
1.3 Relativistic quantum theory 
of dispersive media
Conventional quantum electrodynamics treats relativistic quantum 
processes in the vacuum while conventional plasma physics treats 
processes in a dispersive medium using classical electrodynamics. A 
relativistic quantum theory of dispersive media which combines both 
quantum electrodynamics and the kinetic theory of plasmas has been 
developed by Tsytovich [1961], Svetozarova and Tsytovich [1962], 
Bezzerides and DuBois [1972] and Melrose [1974]. An important part of 
this general theory is the calculation of the response tensors for a 
medium using relativistic quantum theory. These response tensors 
include the response of the vacuum (described by the vacuum 
polarization tensors) as well as the response of a plasma. Once 
explicit expressions for the response tensors are obtained the 
formalism of plasma physics may be used to treat relativistic quantum 
processes in the vacuum as well as in a plasma. The specific plasma 
techniques required are introduced in chapters six and seven of this 
thesis.
The linear response tensor for a medium may be obtained by adding 
the linear vacuum polarization tensor to the response corresponding to 
the sum over the contributions from all particles in the medium to 
diagrams of the form of figure 1-5 (as well as to the related diagrams 
with k replaced by -k). A single particle description of the response 
of a medium is cumbersome. Following Tsytovich [1961], it is 
convenient to introduce a statistical description of the medium. The 
sum over the contributions from all particles to the process
17
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Figure 1-5: A component of the linear response of a plasma.
represented by figure 1-5 may then be obtained by performing the 
calculation for an "average" particle rather than averaging over the 
contribution of all particles. Tsytovich [1961] has shown that the 
response tensors for a collisionless electron-positron plasma may be 
obtained using this averaging procedure by replacing the electron 
propagator in the formulae for the vacuum polarization tensors by a 
propagator averaged over the distribution of electrons and positrons. 
The introduction of an average particle and an averaged propagator by 
Tsytovich is analogous to the introduction by Vlasov [1938, 1945] of a 
"smoothed-out" distribution of particles in the self-consistent 
solution of the collisionless Boltzmann equation for a classical 
plasma.
The formalism of Feynman diagrams must be generalized to take 
account of the nonlinear responses of a plasma. This has been done by 
Melrose [1974] by introducing diagrammatic elements called "multiple 
photon vertices" corresponding to the nonlinear response tensors. The 
method developed by Melrose is related to one used by Gailitis and 
Tsytovich [1965].
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1.3.1 The equivalent dielectric tensor
The linear response of a medium is here described as is done 
conventionally in plasma physics where the electric, magnetic and 
magneto-electric responses of the medium are incorporated into an 
equivalent dielectric tensor. This tensor is related to the linear 
response tensor (cf. §4.1) by
e..(u>,k) = 6.. +^a..(o),k) ,ij ij ij (1.3-1)
with ot..(w,k) equal to minus the y=i, V = j components of u (k) .
This description of the response is generally less cumbersome 
than the phenomenological description of the response. In 
phenomenological electrodynamics the response to an electromagnetic 
disturbance (specified by an electric field strength E and a magnetic 
induction B) is described in terms of a polarization P and a 
magnetization M. An electric induction D and a magnetic field 
strength H are also introduced, where these are defined by
D := E + 4 HP and H := B - 4ttM , (1.3-2)
respectively, and the phenomenological relations
h  ■ eijEj + V j •
H. = ß..E. + y..B. ,1 13 j 13 J (1.3-3)
define an electric permittivity tensor , two magneto-electric 
tensors a._. and 3 ^  and a magnetic "impermeability" tensor y_^ [O’Dell 
1970, chap. 2].
The separation of the equivalent dielectric tensor into electric, 
magnetic and magneto-electric responses may be obtained by comparing 
the wave equation derived from the equivalent dielectric tensor with
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the wave equation derived in phenomenological electrodynamics. Using 
this procedure one obtains
e (io,k) 'ij in nsj
with
+ V  <«i3 -  k k . + e. k y e ..k.) i j ins n sr rtj t (1.3-4)
(1.3-5)
where each of a.., 3.. and y . . is a function of ü) and k.il iJ i] . i]
O ’Sullivan and Derfler [1973] have shown that the phenomenological 
description of the response of a medium is equivalent to the 
description used conventionally in plasma physics.
1.4 Pulsars
The discovery of an astrophysical radio source with a regular 
pulsation period of the order of a second was first reported by Hewish 
et at. [1968] and further such pulsars were discovered within a few 
months. Gold [1968] was the first to suggest an identification of 
pulsars with rapidly rotating neutron stars with strong dipolar 
magnetic fields. Prior to the observation of pulsars Pacini [1967] 
had presented a similar model of neutron stars to account for the 
radiation from a surrounding nebula. Theories for pulsars involving 
planetary and binary systems were soon discarded on theoretical 
grounds [Pacini and Salpeter 1968] while identifications of pulsars 
with white dwarf stars were rejected only after the discoveries of the 
short-period pulsars now known as the Vela and Crab pulsars [Large et 
at. 1968; Staelin and Reifenstein 1968]. Evidence for a slow-down of 
the rotation of the Crab pulsar [Richards and Cornelia 1969] finally
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resulted in the acceptance of rotation rather than vibration as the 
cause of the pulsation and this confirmed the identification of 
pulsars with rotating neutron stars [Gold 1969].
1.4.1 The pulsar magnetosphere
The existence of a magnetic field with strength of the order of 
1013 gauss in a neutron star was first suggested by Ginzburg [1964] 
and Woltjer [1964] as a consequence of flux conservation during the 
compression of an initial ordinary stellar field. For a sufficiently 
high conductivity of the stellar material the time-scale for the decay 
of the field exceeds the collapse time of the star and the increasing 
field strength during the collapse is inversely proportional to the 
stellar radius squared.
Further evidence for the existence of strong magnetic fields in 
neutron stars was provided after the discovery of pulsars by a 
consideration of magnetic dipole radiation -in vacuo by a pulsar 
[Ostriker and Gunn 1969]. A magnetic dipole m rotating at an angular 
frequency £2 emits radiation in the form of an electromagnetic 
spherical wave of angular frequency £2 with power
P = f £22 |S2 x m|2 . (1.4-1)
For a strictly dipolar pulsar magnetic field m is equal to H. B^R3,
where B is the maximum value of the field at the neutron star surface s
and R is the radius of the neutron star. If P for the Crab pulsar is
equated to the energy input necessary to maintain the observed level
of synchrotron emission of the Crab nebula (- 10 3 8 erg s'"1) an
estimate of B =; 3 x 1 0 12 gauss is obtained for R = 106 cm and £2.m=0.s ~ ~
Alternatively, P for a number of pulsars may be equated to the rate of
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loss of rotational energy by these pulsars. This gives
~  (h I^2) = Ifiß = -P , (1.4-2)
where the moment of inertia I for the neutron star is assumed 
constant. Estimating R (- 106 cm) and I (- 1045 g cm2) and using 
measured values of tt and one may calculate for these pulsars.
The values obtained range from 2xl010 to 2 x 1013 gauss [Manchester 
and Taylor 1977, §9.2] with Bs = 1012 gauss being a typical value. 
Manchester and Taylor suggest that this apparent variation in B^ may 
actually be a variation in the mass and radius of the neutron stars 
and that consequently all neutron stars may have the same surface 
magnetic field.
The predictions for the magnitude of the surface magnetic field 
based on the rotating-dipole model for pulsars agree with the 
prediction based on flux conservation. However, pulsars are thought 
to have magnetospheres and these contribute to the rotational 
deceleration of the neutron star by means of the outflow of 
relativistic particles [Goldreich and Julian 1969] and the emission of 
hydromagnetic waves [Kulsrud 1971]. Although the proportion of the 
radiated power due to each of magnetic dipole emission, particle out-
i oflow and hydromagnetic emission is unknown, the value of 10 gauss 
for the surface magnetic field strength is generally accepted as the 
most reasonable value.
In addition to a strong magnetic field, pulsars are thought to 
have a strong electric field that is produced by the rotation of the 
magnetized neutron star (unipolar induction). The electromagnetic 
field about a rotating star in vacuo was first calculated by Deutsch
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[1955] in connection with magnetic A stars. More recently, the field 
about a rotating magnetic dipole has been discussed in the context of 
pulsars by Goldreich and Julian [1969] for an aligned rotator (i.e. 
for £2 x m = 0) and by Mestel [1971] for an oblique rotator. The 
electromagnetic field surrounding an obliquely rotating dipole in 
Vacuo may be obtained from the vector potential
A(t,r) = curl
m (t - r)
r
(1.4-3)
where the time-dependence of m explicitly shows the dependence on the 
retarded time (t - r). Suppressing the time-dependence, (1.4-3) may be 
written as
m x r (fi x m) x r
A = 2LT r + -j:— ^    (1.4-4)
~  r 3 r
and one has
9A ((2 x m) x r [Q x (fi xm) ] x r
3t (1.4-5)
and
B = curl A
3m. £ - r2m 3(£2xm.r) r - r 2ü x m
+
{ [^2 x ($2 x m) ] x r} x ^
+ (1.4-6)
The first term on the right hand side of (1.4-6) is equivalent to the 
field due to a static dipole oriented as at the retarded time.
Within the neutron star infinite conductivity requires that there 
exist an electric field given by
E = - (g x r) x b . (1.4-7)
2 2This field is wrenchless with E <B and spontaneous pair production
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is prohibited. After making the assumption that the neutron star is 
surrounded by a vacuum, Goldreich and Julian [1969] pointed out that 
there exists an electric field additional to (1.4-5) outside the 
neutron star due to the field (1.4-7) inside the star. Melrose [1978, 
§13.1] has shown that if the magnetic field inside the star is assumed 
dipolar the field outside the star is determined by the charge density 
inside the star and the surface charge density. Each of these charge 
densities produces a monopolar and a quadrupolar electric field. The 
monopolar fields cancel and the field additional to (1.4-5) outside 
the star is therefore quadrupolar with
E = j R2(£.grad) B(r) . (1.4-8)
This additional electric field has a component along the magnetic 
field with
o 2
E. B = - — —  (4(m.r)2 Q . r  - r2 (£} x m) . (m x r) } . (1.4-9)~ ~ r10
Goldreich and Julian [1969] have shown that the electric field 
(1.4-8) would be strong enough to pull charged particles off the 
surface of the neutron star against the force of gravity. They 
suggested that these charged particles would produce a co-rotating 
magnetosphere around the pulsar. Within the magnetosphere, as within 
the neutron star, the electric field would be given by (1.4-7). 
Although this electric field is generally dominated by the magnetic 
field it may significantly influence processes which occur due to the 
presence of the magnetic field [Daugherty and Lerche 1975].
For field lines which do not close within the "light cylinder" 
(the locus of points satisfying |£x rJ = 1) a strictly co-rotating 
magnetosphere is impossible. At the stellar surface these field lines
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define "polar caps" of angular size arcsin(R$7) —  (Rfl) 2 for a strictly 
dipolar magnetic field. Goldreich and Julian [1969] suggested that 
charged particles would stream out along these field lines from the 
polar caps and that the electromagnetic field would be wrenchless 
along open field lines.
It was pointed out by Sturrock [1971] that the current flow would 
be space-charge limited. Sturrock suggested that the resulting 
electric fields along open field lines would be essentially those 
which would obtain if there was no rotating magnetosphere. Potential 
drops of the order of 1010 V may be achieved in this way. On the 
other hand, Ruderman and Sutherland [1975] suggested that the current 
flow may be limited by the structural binding of ions within the 
stellar surface [Ruderman 1972] and that a charge-depleted inner gap 
with a large potential drop would form over the pulsar polar caps.
The growth of the gap would be limited by electron-positron "sparking" 
to about 1012 V over a gap-width of about 104 cm. Hence, in both the 
Sturrock and the Ruderman-Sutherland pulsar models the existence of an 
electromagnetic wrench near the pulsar polar caps is predicted.
Prior to the discovery of pulsars the highest magnetic fields 
achieved in the laboratory were of the order of 107 gauss [see e.g. 
Erber 1966]. The acceptance of magnetic field strengths of 1012 gauss 
or higher associated with pulsars therefore provided an intense 
stimulation for research on processes in strong static magnetic fields 
[Canuto and Chiu 1971; Canuto 1975; Canuto and Ventura 1977]. In 
addition, the prediction of rotation-induced electric fields in 
pulsars has led to research on processes in static electromagnetic 
fields [Daugherty and Lerche 1975, 1976]. In this thesis the
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techniques of plasma physics are used to study vacuum polarization 
processes in a static uniform electromagnetic field and to apply the 
results to the study of pulsars. Quantum effects associated with an 
ambient electromagnetic field become important for field strengths of 
the order of the critical field strength
2
B := —  ^ 4. 4*10*3 gauss . (1.4-10)c e
Pulsars provide the only known occurrence of macroscopic fields of 
this strength.
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CHAPTER TWO
REVIEW OF RELATIVISTIC QUANTUM PROCESSES IN A 
STATIC UNIFORM ELECTROMAGNETIC FIELD
2.1 Introduction
Relativistic quantum processes related to the polarization of the 
vacuum in a static uniform electromagnetic field are reviewed in this 
chapter. Some of these processes have been considered by Erber [1966] 
in a review article. Birefringence of the vacuum, photon splitting 
and photon-photon scattering are nonlinear relativistic quantum 
effects due to the linear, quadratic and cubic polarizations of the 
vacuum respectively. A semi-classical theory based on the 
phenomenological Lagrangian density of Heisenberg and Euler [1936] may 
be used to describe these effects for photon energies very much less 
than twice the rest-mass energy of an electron.
2.2 The Heisenberg-Euler Lagrangian density
The starting point for many calculations of nonlinear effects in 
quantum electrodynamics is the phenomenological Lagrangian density 
obtained by Heisenberg and Euler [1936] using semi-classical theory. 
Their result, written in a form due to Schwinger [1951], is
Re[cosh(er|X) ] 
Im[cosh(eqX)]
(2.2-1)
where
= E.B , X 2 : =S := h (E2 - B 2) , P : 2S + 2iP . (2.2-2)
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This Lagrangian density is relativistically invariant since it is only 
a function of the two independent field invariants S and P. It 
describes, without radiative corrections, the vacuum polarization due 
to an electromagnetic field where the characteristic frequency w and 
the characteristic wave vector k for the field variation satisfy
W << m and |k| << m . (2.2-3a,b)
The interaction of the electromagnetic field with the virtual 
electron-positron pair of the vacuum polarization diagram is treated 
exactly and (2.2-1) is therefore valid for all field strengths when 
radiative corrections are negligible.
An (asymptotic) expansion of £ in powers of the fine structure 
constant yields
£ = S + — 2—  (4S2 + 7P2) + — 22L- (8S3+ 13SP2)
+
907Tm
4a
31571m8
(48S4 +88SZP2 +19P4) +... . (2.2-4)94577m12
This result corrects an expansion of £ by Bialynicka-Birula and 
Bialynicki-Birula [1970] in the term proportional to a4. Only even 
powers of the field strengths are present in (2.2-4) as required by 
Furry s [1937] tneorem. The first term in the expansion is just the 
classical Lagrangian density S from which Maxwell's classical
equations for the electromagnetic field in vacuo may be obtained. The
a term in (2.2-4) was originally obtained by Euler and Kockel [1935] 
and Euler [1936].
The original derivation of £ by Heisenberg and Euler was based on 
the physical picture of the electron-positron vacuum as a sea of 
negative-energy electrons with the energy of the field-free vacuum
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defined to be zero. It was assumed that the presence of an ambient 
field changes the energy levels of the vacuum electrons and that this 
produces an electromagnetic energy density additional to the 
classical energy density of the electromagnetic field U0 := ^(E2 + B 2). 
To maintain the charge-neutrality of the vacuum it was necessary to 
subtract from the potential energy of the vacuum electrons in the 
ambient electric field. Heisenberg and Euler were able to show that 
the Lagrangian density JC x additional to S is given by
jCi = - Uv . (2.2-5)
The energy density was determined from the solutions of Dirac’s 
equation for an electron in an ambient field. A method due to Dirac 
[1934] and Heisenberg [1934a] was used to subtract out certain 
divergent terms in to which no physical significance could be 
associated.
A simpler derivation of £ within the theoretical framework used 
by Heisenberg, Euler and Kockel was given by Weisskopf [1936]. The 
derivation presented here is based on Weisskopf's work. Weisskopf 
initially calculated the Lagrangian density for a magnetic field and 
included an electric field by summing a perturbation expansion in |eJ2
The energy eigenvalues of the vacuum electrons in an ambient 
magnetic field I5=B(0,0,1) are given by (cf. §3.3)
p° = - e(pz,n,s) = - [m2 + p2 + (2n + 1 + s) eB] 2 , (2.2-6)
where n=0,l,2,..., s=±l and p^ is the component of the electron 
momentum along the magnetic field lines. Using the wavefunctions 
corresponding to (2.2-6) Weisskopf was able to show that for a 
static uniform magnetic field is given by
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( o )
00 ,00
s=±l  n=0 J-°°
dP„ e ( p  , n , s )  , z z ( 2 . 2 - 7 )
where  t h e  s u p e r s c r i p t  (0) d e n o te s  t h e  z e r o t h  t e rm  i n  an e x p a n s i o n  o f  
i n  powers  of  t h e  e l e c t r i c  f i e l d  s t r e n g t h .
By u s i n g  t h e  i d e n t i t y  e ( p z , n , l )  = e ( p z , n + l , - l )  e q u a t i o n  ( 2 . 2 - 7 )  
may be  r e w r i t t e n  i n  t h e  form
f( ° )  =  _
r°°
dpz | e o (Pz ) + 2  S en (pz ^  » ( 2 . 2 - 8 )
n = l
where
£n (p z ) := [m2 + P2z  + 2neB]^ . ( 2 . 2 - 9 )
The sum o v e r  n i n  ( 2 . 2 - 8 )  may be r e - e x p r e s s e d  a s  an e x p a n s i o n  in  
powers  o f  B by u s i n g  E u l e r ’ s summation fo rm u la
2  F(nb)  
n=0
\  [F (0 )  + F(°°)] + — I dx F (x )
°° Bovb
+ 2  2k
2k-1
k = l (2k)!
[ F (2k 1 ) (oo) _ p ( 2k  1 ) ( 0 ) ]  , ( 2 . 2 - 1 0 )
where  t h e  B e r n o u l l i  numbers  a r e  B2 = -r, B4 = -  , e t c .  [Abramowitz
and S tegun  1965,  p . 8 0 6 ] .  In  t h i s  way ( 2 . 2 - 8 )  becomes
(o)
dP,
oo (2eB)2kB
dx F(x)  -  2  
Vo k = l
(2k ) !
2k F(2 k -1 ) (0)
where
F(x )  := [m2 + p 2 + x ] ^  .
( 2 . 2- 11)
( 2 . 2- 12)
The q u a n t i t y  g i v e n  by ( 2 . 2 - 1 1 )  i s  d i v e r g e n t  and must  be  made
f i n i t e ;  t h a t  i s ,  i t  must  be  r e g u l a r i z e d .  To a c h i e v e  t h i s  t h e  te rm
c o n t a i n i n g  J dx F ( x )  must  be  d i s c a r d e d  s i n c e  i t  i s  i n d e p e n d e n t  o f  t h e  
J o
f i e l d  i n t e n s i t y  and t h e r e f o r e  r e p r e s e n t s  t h e  e n e rg y  o f  t h e  f i e l d - f r e e
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vacuum electrons. In addition, the first term in the infinite sum 
must be discarded since it is proportional to B and terms in £ of 
this order are already correctly described by the classical Lagrangian 
density S. Schwinger [1951] has shown that the neglect of the term 
proportional to B corresponds to a renormalization of the field 
intensity associated with the renormalization of the charge.
Following this procedure, the regularized (renormalized) 
expression for has the form
reg u ( ° )
2k°° (2eB) B
dpz kf2 (2k) !—  F (2k (0) . (2.2-13)
This expression may be simplified using
pOk-l) (o) r(2k-4)
and
- 00 (m2 + p2)2k ^
2/tT (p2 + m 2)2k
/im4d-k) J ^ 2 1
r<2k-4)
where
r(n) :=
is the gamma function. This gives
, —T| n-1dn e n
reg U(o) dn
2k-n «> 2Z B f ^  2ke__ ^ ____ 2k (neB
k=2 (2k)!
(2.2-14)
(2.2-15)
(2.2-16)
(2.2-17)
Comparing (2.2-17) with the expansion for coth x and rescaling the 
integration variable n'>m2n gives finally
(°) = —  ( dn -— (enB coth(enB) - 1 - 2  e2n2B2} . (2.2-18)reg U 2tt
After multiplying by -1, the right hand side of (2.2-18) is equal to
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£ 1 for a static uniform magnetic field.
To find «Cj for a static electric field as well as a static 
magnetic field, Weisskopf chose a scalar potential which may be 
written in the form
<Kz) = <j>o cos(gz) , (2.2-19)
where <j>0 and g are constants chosen to satisfy
|<J)0 I << m/e and g << m . (2.2~20a,b)
The potential (2.2-19) describes an electric field
£  = - grad(J> = <J>0 g£ sin(gz) , (2.2-21)
where z is the unit vector in the z-direction. Due to the periodicity 
of the potential (2.2-19), the condition (2.2-20a) restricts the 
potential energy difference for an electron between any two points to 
eIA4> I < 2m. This prevents spontaneous pair production by the electric 
field and thus allows the field to be treated as static. The 
condition (2.2-20b) is necessary for the spatial variation of the 
electric field to satisfy (2.2-3b). The electric field may then be 
considered as a uniform field with intensity given by |e |2 =4>2 g2 / 2.
The two conditions (2.2-20a,b) are equivalent to the requirement 
that the electric field strength satisfy the inequality
IEI «  m2/e (= B ) . (2.2-22)~ c
When this condition is satisfied the probability for spontaneous pair 
production due to barrier penetration is exponentially small (cf. 
§2.3).
Since JCX =f(E2 - B 2,E^ .B) where f is a function of its arguments, 
the Lagrangian density X x for a static uniform electric field may be
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obtained from (2.2-18) by making the replacement B iE. The method 
used by Weisskopf to calculate JCX for a static electric field as well 
as a static magnetic field involves expanding in powers of |eJ 2. 
Perturbation theory is used to calculate the terms in this expansion 
and a comparison with the cot x expansion allows the terms to be 
summed. The resulting expression for is regularized in the same 
way as for a magnetic field. This involves a further 
renormalization of the charge. The final result obtained for the 
Lagrangian density in a static uniform electromagnetic field is
S - 2tt exp(-Rm ) {ezri BE coth(er|B) cot(enE)
- 1  + 1 e2n 2(E2 - B 2)} . (2.2-23)
This result may be rewritten in terms of the field invariants S and P 
by noting that
, D . cosh/ß2 - Ci2 + 2i0iß + cosh/ß2 - a 2 - 2iaß cot a coth p = i -----  - ------ --------  - ■ . (2.2-24)
cosh/p - a 2 + 2iotß - coshv'p - a 2 - 2iotß
Further manipulation of the integrand allows one to rewrite £ in the 
form (2.2-1).
The Lagrangian density (2.2-1) has been derived by Schwinger 
using the proper-time technique. This technique enables one to 
isolate the divergent aspects of a calculation in the form of 
integrals with respect to a parameter (the proper-time) which is 
independent of the coordinate system and gauge. Gauge invariant 
results are obtained by performing the proper-time integration last. 
The first-order radiative correction to the Lagrangian density has 
been obtained by Ritus [1975] and Dittrich [1977] using the proper­
time technique.
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2.3 The Klein paradox and the Klein catastrophe
One may speak of a physical process occurring in a static 
electromagnetic field only when the time-scale for the process is much 
shorter than the time-scale for the decay of the field. For this 
reason it is necessary to consider the decay of an electromagnetic 
field due to spontaneous pair production (the Klein catastrophe) when 
discussing vacuum polarization processes in an ambient field. The 
existence of pair-creating ambient fields illustrates the inadequacy 
of the single-particle interpretation of the Dirac equation. This 
inadequacy was first pointed out by Klein [1929].
2.3.1 The Klein paradox
Shortly after the introduction by Dirac [1928 a,b] of a 
relativistic wave equation to describe a single electron in an ambient 
electromagnetic field, Klein [1929] demonstrated how the negative- 
energy solutions in Dirac's theory could lead to unacceptable physical 
consequences. Klein considered a one-dimensional electrostatic step 
potential V(x) = Vo0(x), where 0(x) is the unit step function
For V0 > 2m, an electron approaching the potential barrier from the
left with energy less than (VQ - m) has a positive-definite probability
P^ of being transmitted through the barrier, appearing in a negative-
energy state for x>0, and a greater-than-unity probability P = 1 + PR 1
of being reflected by the barrier. This difficulty in the single­
particle description of the electron has come to be known as the Klein
for x > 0
0(x) := i \ for x = 0
0 for x < 0
(2.3-1)
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paradox.
The paradox does not manifest itself in a non-relativistic 
quantum treatment of potential scattering. Application of the 
Schrödinger equation to describe the scattering of an electron of 
energy less than (V0 +m) yields a transmitted wave of amplitude 
decreasing exponentially with x. That is, the particle is reflected 
and no paradox exists.
The single-particle Dirac equation with continuous electrostatic 
potentials was used by Sauter [1931 a,b], Heisenberg and Euler [1936] 
and Sommerfeld [1939, p.315] to discuss the Klein paradox. These 
authors showed that the barrier penetration depended on the slope of 
the potential, that is, on the electric field strength, such that for 
IEI <<m2/e = Bc the transmission through the barrier is negligible. 
Sommerfeld concluded from this that there is no paradox since in 
practice all electric fields satisfy this condition. This is not a 
satisfactory resolution of the difficulty since it is of theoretical 
importance to understand the nature of the paradox and also because 
electric fields for which the barrier penetration is significant may 
exist in pulsars and elsewhere.
Feynman [1949a] was apparently the first to point out that in a 
many-particle field-theoretical formulation of quantum electrodynamics 
the probability for the vacuum to remain the vacuum under the 
influence of a potential is less than unity due to the possibility for 
the potential to produce one or more electron-positron pairs. Feynman 
suggested that the sum of the probabilities for the production of zero, 
one, two ... pairs by a potential is equal to unity and that the total 
probability for scattering by a potential barrier is equal to unity
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due to pair production by the potential. These claims by Feynman have 
been substantiated by Nikishov [1970] for an ambient electric field. 
The Klein paradox may be traced to an inability of the single-particle 
formulation of Dirac’s hole theory to account for pair production. 
Alternatively, the Klein paradox may be considered as an instance of 
the breakdown of the static external field approximation due to pair 
production by the field [Jauch and Rohrlich 1976, p.312; Bongaarts 
and Ruijsenaars 1976].
2.3.2 The Klein catastrophe
Schwinger [1951] pointed out that the probability for pair 
production by a static uniform electromagnetic field may be derived 
using the integral representation (2.2-1) of the Heisenberg-Euler 
phenomenological Lagrangian density. The integral in (2.2-1) is 
singular unless both P = 0 and S<0, that is, unless the field 
corresponds to a purely magnetic field in some inertial frame of 
reference. If the integration path in (2.2-1) is considered to be the 
Feynman contour (cf. §3.2), or, equivalently, if m2 is replaced by 
m -i0, where iO is an infinitesimal positive imaginary constant, and 
the Plemelj formula
.A.. . = (P — - iTT 6(x) (2.3-2)x + iO x
is used, £ is found to have a positive imaginary part. In the Plemelj 
formula (2.3-2) <P denotes the Cauchy principal value of the integral 
and the second term on the right hand side is called the semi-residue.
To derive Im £ it is convenient to introduce the field invariants
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B := Re(enX) = en(-S + / s 2 + P 2)^
and
E := Im(enX) = en(S + / s 2 + P 2)^ . (2.3-3)
The expression (2.2-1) for £ may then be rewritten in the form
exp(- m 2ri) {BE coth B cot E - 1 + (E2 - B 2) }. (2.3-4)
o n3
The integral in (2.3-4) has singularities at
n = nn
_ _ _ _ _ _ _ m T _ _ _ _ _ _ _
e(S + / S2 + P 2)*4 ’
(2.3-5)
where n =  1,2,3,... . Applying the Plemelj formula (2.3-2) to find the 
imaginary part of £ due to these singularities gives
21m £ qpI T 2 —  expi nn=l
nUin
(S + / s2 + P2)^ . coth
nTT
1|P|
(- S +/ s 2 + P 2)
(2.3-6)
By inspection of (2.3-6) it is clear that only when both S < 0  and P = 0 
is the Lagrangian density purely real.
The probability, per unit time and volume, of spontaneous pair 
production by a field is given by Pg = - 2 I m U v . Since JC = -U^, this 
probability is given in terms of S and P by equation (2.3-6). The 
result (2.3-6) for P agrees with that obtained by Nikishov [1970] whou
used an expression for the electron propagator in a static uniform 
field to calculate the matrix element for spontaneous pair production 
by the field.
For an electromagnetic wrench, the probability for spontaneous 
pair production reduces to
P S
1—  exp n
mrm2
eE ✓
coth nTTBE  J * (2.3-7)
For a purely electric field, (2.3-7) reduces to
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PS 2n=l
exp UTTITl2eE J * (2.3-8)
The result (2.3-8) was first obtained by Schwinger [1951, eqn. 6.41]. 
There is a typographical error of an extra power of a in Schwinger's 
result.
2.4 Photon-induced pair production
The imaginary part of the linear vacuum polarization tensor in an 
ambient field may be derived from the photon absorption coefficient 
(e-folding energy decay rate) due to real pair production (cf. §6.3). 
This result is a form of the optical theorem derived by Bohr et aZ. 
[1939]. It is a consequence of the principle of detailed balance.
Pair production by a single photon is forbidden kinematically in 
the field-free vacuum (cf. §1.2). An ambient field can transfer 
momentum to the particle and thereby permit pair production by a 
single photon. For a purely magnetic ambient field, photon-induced 
pair production was first discussed by Robl [1952] and Toll [1952]. 
Toll was the first to calculate the photon absorption coefficient due 
to pair production in a static uniform magnetic field and in a static 
uniform null field. His calculations were based on first determining 
the matrix element for pair production using the exact solution of 
Dirac's equation for an electron in the field. The absorption 
coefficient was found by squaring the matrix element and summing over 
the appropriate final states. A perturbation expansion in the field 
strength cannot be used to calculate the absorption coefficient since 
the relevant matrix element vanishes in every finite order of 
perturbation theory.
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2.4.1 A null field
For a null field Toll [1952, p.81] obtained absorption 
coefficients for the two electromagnetic modes of the vacuum. In this 
thesis these modes are designated 1 and | according to whether the 
(electric) polarization vector of the photon is perpendicular or 
parallel to the plane containing the ambient magnetic field jB and the 
wave propagation vector k. The opposite convention for labelling the 
modes was adopted by Toll [1952] and Adler [1971]. Toll's result, 
written in terms of a reduced magnetic field strength B is given by
where
Y " ,i (“) = ma ~T1 ’i(C) , 
c
B ,£• __ co rd
m B
(2.4-1)
(2.4-2)
Tll,i(C)
(2/5)3
dv^ (1 - /2£v"2) [- 9a (v)/3v]
v^(v^ - 2/KY'2
+ (v"2 - 2/5)^ A(v)^
3V«
(2.4-3)
n
1 for | polarization ,
3 for 1 polarization ,
(2.4-4)
and A(v) is an Airy integral given by
A(v) dt exp(ivt + j it3) . (2.4-5)
The reduced field B ^ is equal to the null field magnitude B if k is 
anti-parallel to the Poynting vector of the null field. For k at an 
angle 0 to the Poynting vector of the field, B ^ is determined by a 
Lorentz transformation to the anti-parallel case. For B << B^, B ^ may
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be approximated by
B ^ = B sin2(0/2) . (2.4-6)
For k parallel to the Poynting vector of the field the absorption 
coefficient is zero. Photon-induced pair production in a static 
uniform null field has also been considered by Nikishov and Ritus 
[1964, 1967].
2.4.2 A magnetic field
For a static uniform magnetic field the absorption coefficients 
for the two principal polarizations exhibit complicated frequency 
dependences with sawtooth absorption edges resulting from the 
quantization of the electron and positron energies in a magnetic field. 
However, when B << B^ the absorption edges are very closely spaced and 
an average absorption coefficient may be obtained. Toll [1952, p.89] 
found that this average absorption coefficient is given by (2.4-1) 
with B ^ set equal to ^B sin0, where 0 is the angle between k and .B.
An alternative form for the photon absorption coefficient due to 
pair production in a magnetic field has been derived by Klepikov 
[1954]. For unpolarized radiation, Klepikov obtained an average 
absorption coefficient
y(u)) = h ma — ■ sin0 T(£) , (2.4-7)
c
with
.00 .00
3
3
(2.4-8)
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where K_i and K2 are modified Bessel functions. For unpolarized 
3 3
radiation in a magnetic field Rassbach [1971, p.35] has established 
the equivalence of the photon absorption coefficients obtained by Toll 
and Klepikov.
The optical theorem has been used by Tsai and Erber [1974] to 
extract the photon absorption coefficients (due to pair production) 
from the calculated complex refractive indices of the magnetized 
vacuum. Tsai and Erber obtained a result which is valid for all 
values of the magnetic field strength provided the real parts of the 
vacuum refractive indices are approximately equal to unity. For 
B << B^ their result for the absorption coefficient of unpolarized 
photons may be written as
Y(w ) = ma sin0 S(£) , (2.4-9)
c
with
s(0 1 f1 dv ( 9 ’ v2) r
f  \4
tt/35 J Q V i\»90 a - - 2) * U c a  - v 2 )J (2.4-10)
In an appendix Tsai and Erber established that the result (2.4-9) with 
(2.4-10) is a simplified version of (2.4-7) with (2.4-8).
2.4.3 Pair-creating fields
Narozhnyi [1968] used the exact solutions of Dirac’s equation for 
an electron in a static uniform electric field to determine the 
probability for photon-induced pair production in such a field. 
Daugherty and Lerche [1976] have applied the optical theorem to 
determine approximate photon absorption coefficients due to pair 
production in an electromagnetic wrench. Exact photon absorption 
coefficients due to pair production in an electromagnetic wrench are 
calculated in §6.3. These absorption coefficients incorporate exactly
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the field-dependent wave properties of the vacuum. They are valid for 
all values of the field strength when radiative corrections are 
negligible. To my knowledge these exact absorption coefficients have 
not been calculated previously.
2.5 The vacuum refractive indices
Schwinger [1951] and Toll [1952, p.101] have independently shown 
that there are no nonlinear vacuum polarization phenomena for a single 
plane wave of arbitrary strength and spectral composition. The 
refractive index y : = |k|/a) of the field free vacuum is therefore 
equal to unity. That is, the dispersion relation 03= |k| is satisfied 
for photons propagating through the field-free vacuum. Such photons 
are said to propagate along the light cone. In the presence of a 
static uniform electromagnetic field, however, the vacuum becomes a 
birefringent medium and the refractive indices for the two electro­
magnetic wave modes are functions of the ambient field, the photon 
frequency and the photon propagation direction. Only for particular 
directions of propagation (e.g. parallel and anti-parallel to the 
field lines of an electromagnetic wrench) are the vacuum refractive 
indices in an ambient field equal to unity.
For a static uniform magnetic field, Toll [1952, p.90] used the 
Kramers-Krönig dispersion relation (cf. §4.2) to derive the vacuum 
refractive indices y||»j_(w) for the wave modes from the corresponding 
photon absorption coefficients Y^*^(ü)). The refractive indices for 
the two modes are given by
(2.5-la)
and
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y II (w) dOJ* Y 1 (h)1)
(03’2 -0)2) ’
(2.5-lb)
where C0j* := m[l + (1 + 2B/Bc) 2] and 03j| := 2m are the thresholds for pair
production by the differently polarized photons. For B<< B ^ ,  the
average absorption coefficients (2.4-1) were used by Toll to calculate
numerical results for the refractive indices of the magnetized vacuum
as functions of frequency. Toll found that for K - h ~  tr- sin0 << 1
J m B c
the refractive indices could be approximated analytically by
Vj_(w) 1 + 907T B
B sinB (2.5-2a)
and
y . i  ( w ) l + 90TT sin0lBC
(2.5-2b)
The results (2.5-2a,b) were rederived by Toll [1952, p.94] by 
using the Heisenberg-Euler Lagrangian density to compute the low- 
frequency weak-field refractive indices of the vacuum permeated by a 
static uniform electromagnetic field. In this method of calculation, 
the response of the vacuum is described as is done conventionally in 
phenomenological electrodynamics (cf. §1.3). The electric induction D 
and the magnetic field strength H are defined by
D.l 9E.l
and H .l
3£
3 B . * (2.5-3a,b)
and, in the weak-field limit, these may be obtained from the first two 
terms in the expansion (2.2-4) of JC. This gives
D. = E. + — --- (8SE . + 14PB.)
1  1  9 0 7 T m 4 1  1
(2.5-4a)
and
A3
H.i B.l + 907TIT14 (8SB . - 1APE.) .l l (2.5-Ab)
2.5.1 The static vacuum polarization
A static electric permittivity tensor and a static magnetic 
impermeability tensor, defined by
D.l
~(stat)
ij
E.
3
and H .l
~(stat) 
ij
B.
3
(2.5-5a,b)
respectively, may be written down by inspection of (2.5-4a,b). The 
static magneto-electric tensors are identically zero. The static 
tensors describe the polarization of the vacuum produced by a static 
field. For a static uniform field the static vacuum polarization 
produces a renormalization of the field intensity associated with the 
renormalization of the charge. No physically measurable effects are 
generated.
For a nonuniform field the static vacuum polarization modifies
the field to produce the observed field. In particular, Wichmann and
^(stat)Kroll [1956, Appendix III] have used to discuss the long-range
behaviour of the potential of a charged particle. For r >> they 
demonstrated that the scalar potential for a particle of charge Ze is 
given by
7 q  f 2Z2a3
1 - . (2.5-6)■Mr) = 225TTm4r4>
This correction to the Coulomb potential dominates and is of the 
opposite sign to the asymptotic exponential correction given by 
(1.2-1). The potential (2.5-6) is smaller in magnitude than the 
Coulomb potential. Other vacuum polarization contributions to the
long-range behaviour of the electrostatic potential of a charged
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particle have been discussed by Lautrup [1976] and Papatzacos [1976].
2.5.2 The photon-induced response of the vacuum
The response of a photon to the vacuum permeated by an ambient 
field may be found by linearizing the constitutive equations 
(2.5-3a,b) with respect to the photon fields e and b. This may be 
achieved by writing (cf. eqn. (1.3-3))
di £ijej + “ijbj ’
with
h i  “  V j  u  V j  >
ij *
ij ij SB.
J
(2.5-7)
(2.5-8)
where the symbol denotes that the derivatives are to be evaluated
at field strengths equal to those of the ambient field. The magneto­
electric tensors a.. and B.. are zero for a wrenchless field.ij 11
Conventional electrodynamics may be used to determine the vacuum 
refractive indices by treating the vacuum as a medium whose response 
is described by the tensors defined by (2.5-8).
In the low-frequency weak-field limit the wave properties of the 
vacuum may be derived from (2.5-4a,b) by using the above procedure. 
For an electromagnetic wrench with field direction along the 3-axis 
the natural wave modes are found to be linearly polarized with 
refractive indices
45
7a sin26 
45ttB2
(E2 + B 2), y2 45ttBc
(2.5-9)
and polarization vectors
e+ _ (-B cos6,E,B sinQ) e (E cos8,B,-E sin9)
(B2 + E2 (B2 + E 2)^
(2.5-10)
Inspection of (2.5-10) shows that the natural modes cannot be 
classified as 1 and | modes when E / 0 and B ^ 0.
The weak-field limit of the Heisenberg-Euler Lagrangian density 
has been used by Toll [1952, p.94], Baier and Breitenlohner [1967b] 
and Brezin and Itzykson [1971] to calculate the vacuum refractive 
indices. Bialynicka-Birula and Bialynicki-Birula [1970] have shown 
how to use the complete Heisenberg-Euler Lagrangian density (2.2-1) to 
calculate the low-frequency vacuum refractive indices, valid for all 
field strengths, but only in the weak-field limit do these authors 
write down explicit results. The low-frequency refractive indices of 
the magnetized vacuum for all field strengths were calculated 
explicitly by Adler [1971] using (2.2-1). Adler used the proper-time 
technique to derive the refractive indices for frequencies below the 
thresholds for pair production. Adler’s results, however, are only 
valid when the refractive indices are approximately equal to unity.
The refractive indices yy ^ of the magnetized vacuum have been 
derived from the linear vacuum polarization tensor by Minguzzi [1956, 
1957, 1958, 1961] and Kaitna and Urban [1964] for photons propagating 
perpendicularly to the magnetic field lines with Py ^ - 1; by Cover 
and Kalman [1974] and Bakshi et at. [1976] for photons propagating 
along the magnetic field lines; by Bakshi et at. [1975] in the static 
long-wavelength limit and by Constantinescu [1972 a,b] and Tsai and
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Erber [1974, 1975] for U|| j_~l* The vacuum refractive indices derived 
by Batalin and Shabad [1971] and Shabad [1975] are only valid when 
y I j_ - 1 (cf. §6.1). Melrose and Stoneham [1976, 1977b] (for 9 
arbitrary) and Tsai and Erber [1976] (for 0=0, tt/2) have used the 
linear vacuum polarization tensor to calculate exact refractive 
indices for the magnetized vacuum (i.e. the refractive indices are not 
assumed to be approximately equal to unity).
The linear vacuum polarization tensor in a static uniform null 
field has been calculated and used to determine approximate refractive 
indices by Narozhnyi [1969]. Using the optical theorem these 
refractive indices were rederived by Ritus [1970] from the probability 
for photon-induced pair production in a null field. Baier and 
Breitenlohner [1967 a,b] have calculated the weak-field vacuum 
refractive indices in an arbitrary static uniform electromagnetic 
field. Exact vacuum refractive indices (for 9=0, tt/2) have been 
derived by Daugherty and Lerche [1976] using the proper-time technique. 
These refractive indices, however, are not those of the natural wave 
modes of the vacuum (cf. §6.1).
The linear vacuum polarization tensors in an electromagnetic 
wrench and in a magnetic field are calculated in sections 5.2 and 5.3, 
respectively, using two different forms of the electron propagator.
In §6.1 these tensors are used to determine the exact wave properties 
of the natural modes of the vacuum. For a purely magnetic ambient 
field the exact wave properties are shown to reduce to those obtained 
by Melrose and Stoneham [1976, 1977b].
It is important to note that all calculations of the vacuum 
refractive indices referred to in this thesis are only valid when
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radiative corrections and contributions from particles other than 
electrons and positrons to the linear vacuum polarization tensor are 
negligible. To my knowledge no work has yet been done to calculate 
the radiative corrections to the vacuum refractive indices. The 
contribution from other particles with spin % may be calculated by an 
appropriate scaling of the electron mass.
2.6 Cerenkov emission
Cerenkov emission is electromagnetic emission by a particle with 
electromagnetic structure travelling at a speed greater than the phase 
speed v^ : = u)/|k| of waves in a medium. This emission was observed in 
the laboratory by Cerenkov [1936] and a theoretical interpretation of 
the emission in the context of classicial electrodynamics was given by 
Tamm and Frank [1937]. A relativistic quantum treatment of Cerenkov 
emission has been developed by Ginzburg [1940] and Tsytovich [1961]; 
see also Melrose [1974]. Cerenkov emission in the presence of an 
ambient magnetic field has been considered by Tsytovich [1951, 1962], 
Melrose [1974] and Schwinger et at. [1976] (where it is termed 
synergic synchrotron-Cerenkov emission).
The classical condition for Cerenkov emission may be written in 
the form
Y > (1 - Vf2)'*'2 , (2.6-1)
ry — ^2 Vwhere y := (1 — B ) is the Lorentz factor of the particle. Cerenkov 
emission in the field-free vacuum is forbidden since the field-free 
vacuum refractive index is equal to unity. The presence of an ambient 
field changes the response of the vacuum and, for the magnetized 
vacuum, Cerenkov emission would appear to be possible for particles
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with
?  ^ 60, (2.6-2)
where the refractive indices have been approximated by their low- 
frequency weak-field limits (2.5-2a,b). For a small range of energy 
near the threshold given by (2.6-2), the emission is only into one 
electromagnetic mode (the parallel mode). The result (2.6-2) was 
derived by Erber [1962, 1966].
The condition (2.6-2) for Cerenkov emission is only valid for
B << B . In the strong-field limit B >> B , Tsai and Erber [1975] c c
estimated that this condition must be replaced by
Y
c
36 . (2.6-3)
Classically, the total power radiated due to Cerenkov emission of 
transverse waves by a particle with charge q travelling with speed 8 
in an isotropic medium is given by [Tamm and Frank 1937]
P = q2ß I d mu (l - . \ I ■ (2.6-4)J l  ß  y  ( w )  J
3y(w)>l
This result may be used to estimate the power radiated due to Cerenkov 
emission in vacuo even though the vacuum permeated by an ambient field 
is not an isotropic medium. For a weak magnetic field Erber [1962, 
1966] demonstrated that the power radiated due to Cerenkov emission in 
Vacuo by an ultra-relativisitic particle with Lorentz factor 
satisfying (2.6-2) is significantly less than the power radiated by 
the particle due to gyromagnetic emission.
Cerenkov emission in the vacuum permeated by an ambient electro­
magnetic field is treated in §6.2 using the exact wave properties of
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the vacuum with the assumption that the motion of the particle may be 
considered as constant rectilinear motion. Cerenkov emission in the 
presence of an ambient magnetic field is treated exactly in §6.4.
2.7 Gyromagnetic emission
Gyromagnetic emission (magnetic bremsStrahlung) is emission by 
particles due to their spiralling motion in a magnetic field. If the 
particles are ultra-relativistic the emission is called synchrotron 
radiation. The classical theory of gyromagnetic emission has been 
discussed extensively by a number of authors, including Schott [1912] 
and Ginzburg and Syrovatskii [1965, 1969]. The quantum theory of 
synchrotron radiation has been reviewed by Sokolov and Ternov [1968].
Gyromagnetic emission is related by a crossing symmetry to 
photon-induced pair production in a magnetic field. That is, the 
probability for emission of a photon by an electron in a magnetic 
field may be obtained from the probability for photon-induced pair 
production by replacing the final positron by an initial electron. In 
§6.4 it is shown that this relationship may be used to derive the 
imaginary part of the linear vacuum polarization tensor in a magnetic 
field (which is directly related to the probability for pair 
production) from the known probability for gyromagnetic emission by an 
electron.
2.8 Photon splitting
Photons propagate along the light cone in the field-free vacuum.
izz)
The relativistic phase-space volume for N^photons of total 4-momentum 
k, each propagating along the light cone, is [Bialynicka-Birula and
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Bialynicki-Birula 1970]
PN(k)
N r d4k
(2tt) 4 6(4) f Nn ----v  6(io ) 2n6(k2) k - 2 k[m=1 J  (2TT)4 m m J i nl n=l
u3~2N m ?) ck^ N-2
24N-5 (N - 1) ! (N - 2) !
[ 0 4*  < 0 •
(2.8-1)
The decay of a photon into three or more photons is prohibited in the 
field-free vacuum due to the vanishing of the phase-space volume. The 
splitting of a photon into two photons is also forbidden in the field- 
free vacuum since the quadratic vacuum polarization tensor in the 
absence of an ambient field is identically zero [Furry 1937].
In the presence of an ambient field photons do not propagate 
along the light cone and the quadratic vacuum polarization tensor does 
not vanish. The N-photon phase-space volume in this case is
f N t d4k 1
PN(k) --- - 0 (w ) 27T6(k2 + (y2 - 1) to2)m=l J (2U)2 m m vm m
x (2it)4 6 (,,) k - 2 k 
n=l 1
(2.8-2)
where y^ is the refractive index of the m ’th photon. This phase-space 
volume may be evaluated simply only when all N photons are in the same 
electromagnetic wave mode with refractive index y . In this caser
Bialynicka-Birula and Bialynicki-Birula [1970] obtained
(1 u2 sin20
PN 0 0
3-2N
1 - y£ cos20
[to2 (y2 - y2) ]N 2 
(N - 1) ! (N - 2) !
0 (8*" /* ? ^  /* t
(2.8-3)
where y^ is the refractive index of the initial photon. By inspection
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of  ( 2 . 8 - 3 )  a pho ton  may decay i n t o  any number o f  p h o to n s  i f  pi; > p * ,
r 1
2 o
o n ly  t h e  decay  i n t o  two pho tons  i s  p o s s i b l e  i f  p = p and pho ton
r 1
s p l i t t i n g  i s  p r o h i b i t e d  i f  p^ < p L
r 1
I f  p ,^ -  p^ << 1 t h e  N-photon  p h a s e - s p a c e  volume ( 2 . 8 - 3 )  i s  s m a l l
r 1
f o r  N > 2 .  The N -photon  phase  sp a ce  volume i s  a l s o  e x p e c t e d  t o  be  
s m a l l  f o r  N > 2 when t h e  f i n a l  pho tons  a r e  n o t  a l l  i n  t h e  same e l e c t r o ­
m a g n e t i c  wave mode p r o v i d e d  t h e  r e f r a c t i v e  i n d e x  p^ of  each f i n a l  
ph o to n  s a t i s f i e s  t h e  c o n d i t i o n
| y 2f - y 2 | «  1 . ( 2 . 8 - 4 )
The c o n d i t i o n  ( 2 . 8 - 4 )  i s  g e n e r a l l y  s a t i s f i e d  f o r  f i e l d  s t r e n g t h s  l e s s  
t h a n  t h e  c r i t i c a l  f i e l d  s t r e n g t h  B^. In  a d d i t i o n ,  t h e  s p l i t t i n g  o f  a 
p h o to n  i n t o  more t h a n  two pho tons  i s  a h i g h e r  o r d e r  p r o c e s s  ( i n  t h e  
f i n e  s t r u c t u r e  c o n s t a n t )  t h a n  t h e  s p l i t t i n g  o f  a p h o ton  i n t o  two 
p h o t o n s .  Hence,  f o r  f i e l d  s t r e n g t h s  l e s s  t h a n  B^, t h e  p r o b a b i l i t y  f o r  
a pho ton  t o  s p l i t  i n t o  two pho tons  i s  much h i g h e r  t h a n  t h e  p r o b a b i l i t y  
f o r  a pho ton  t o  s p l i t  i n t o  more than  two p h o t o n s .  Only t h e  s p l i t t i n g  
o f  a pho ton  i n t o  two p ho tons  due to  t h e  q u a d r a t i c  p o l a r i z a t i o n  of  t h e  
vacuum i n  an a m b ien t  m a g n e t i c  f i e l d  i s  c o n s i d e r e d  in  d e t a i l  i n  t h i s  
t h e s i s .  T h i s  p r o c e s s  i s  r e f e r r e d  t o  as  s im p ly  pho ton  s p l i t t i n g  i n  t h e  
m a g n e t i z e d  vacuum.
2 . 8 . 1  The n o n - d i s p e r s i v e  case
The p r o c e s s e s  of  pho ton  d i s p e r s i o n  and pho ton  s p l i t t i n g  i n  an 
a m b ie n t  f i e l d  a r e  s t r i c t l y  i n s e p a r a b l e  p r o c e s s e s .  When p ho ton  
d i s p e r s i o n  i s  weak ( i . e .  when t h e  vacuum r e f r a c t i v e  i n d i c e s  a r e  
a p p r o x i m a t e l y  e q u a l  t o  u n i t y )  i t  i s  c o n v e n i e n t  t o  c o n s i d e r  i n i t i a l l y  
pho ton  s p l i t t i n g  w i t h  each  pho ton assumed t o  p r o p a g a t e  a lo n g  t h e  l i g h t
cone (the "non-dispersive case"). Dispersive effects may then be 
included as small perturbations to the non-dispersive case.
In the non-dispersive case the constancy of the ambient field 
implies that the 4-momenta k , k’ , k" of the initial and two finaly y y
photons satisfy the conservation law
k = k' + k" . (2.8-5)y y y
For photons propagating along the light cone, this condition can only 
be satisfied if the propagation directions of the three photons are 
identical and hence that the 4-momenta are proportional and that 
contractions between them vanish, that is,
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and
kyk = k ,yk ’ = k"yk" = kyk’ = kyk" = k,yk" = 0. (2.8-7)y y y y y y
The requirements of Lorentz invariance, gauge invariance and 
charge-conjugation invariance, and the kinematic condition (2.8-7), 
impose restrictions on the scattering amplitude for photon splitting 
in the non-dispersive case. Bialynicka-Birula and Bialynicki-Birula 
[1970] and Adler [1971], for example, have shown that photon splitting 
in the non-dispersive case with one interaction with the ambient field 
(figure 2-1) is forbidden. Adler [1971] has also shown that the 
scattering amplitude for photon splitting with exactly three 
interactions with the ambient field (figure 2-2) is exactly given by 
its low-frequency limit.
The phenomenological Heisenberg-Euler Lagrangian density may be 
used to determine the low-frequency scattering amplitude for photon 
splitting in the non-dispersive case. According to Adler [1971] the
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Figure 2-1: A box diagram for photon splitting. The x denotes an
interaction with the ambient field. There are six such 
diagrams corresponding to permutations of the vertices.
Figure 2-2: A hexagon diagram for photon splitting. Each x denotes
an interaction with the ambient field. There are twenty 
such diagrams corresponding to permutations of the 
vertices.
scattering amplitude for a photon in the mode o to split into photons 
in the modes o' and o" is related to the derivatives of the Lagrangian
density by 
iM(a -*g ' + a")
fO+f0'+fO"+ _ ^
t* c t* “4" -f* "4"s 3F 3F 3Fr s t
.0-  „G+ f~ r  fr s t
gm- 33£
3F 3F 3F r s t
f rO'+ f0 + fG- . ,0 + .G+ rG - , .0 +  0+ O 1-f f f + f  f f  + f f f 33JC
3F+ 3F + 3fT( r  s t r s t  r s t j r s t
+ rO - cO - cO+ . cO - c0~ -G + , _G - -0- rO +f f f + f  f f  + f f fr s t  r s t  r s t
33£
3F 3F 3F* r s t
(2.8-8)
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where
F : = B ± i E , (2.8-9)
fQ± k 0 0 o:= (4tt) (k xe ± ie ) b) , (2.8-10)
and the symbol denotes that the derivatives are to be evaluated at
field strengths equal to those of the ambient field. In (2.8-10), the
hfactors of (4tt) arise from the use of unrationalized field strengths
and charges and e is the polarization vector for a photon in the mode
a.
For a purely magnetic ambient field, the principal modes of 
propagation for a photon have polarization vectors either 
perpendicular (1) or parallel (II) to the plane formed by k and the 
field B. There are eight distinct polarization-dependent scattering 
amplitudes which may be written as
M[(ll,i) -  (II,X)' + (II ,1)"] . (2.8-11)
In the weak-field limit, corresponding to the hexagon diagram of 
figure 2-2, the scattering amplitudes (2.8-11) may be calculated 
exactly from the term in (2.2-4) proportional to a 3. This gives
M[ (|| ) + (II)T +(ll)"]
M[ (II ) -»(ID’ + ( ! ) " ]
M[ (l) + (i)' +(!)"]
= M[(ll) +(1)' +(!)"] =
= M[(i)-(ll)' +(!)"] ■
= M [ (II) -*-(1)' +01)"] ■
= - 1--1-y B3 sln30(4TT) 315TT2
M[(l) -(!)' + (II)” ]
0 , (2.8-12a)
M[(i) - ( I I ) '  + (II )” ]
üXjü’üj" (2.8-12b)
24ia3
315tt2 sln30(4*)?S^ (2.8-12c)
The low-frequency scattering amplitudes have been calculated without 
restriction on the magnetic field strength by Adler [1971] using the
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c o m p le te  H e i s e n b e r g - E u l e r  L a g r a n g i a n  d e n s i t y  ( 2 . 2 - 1 ) .  A d l e r  a l s o  used  
t h e  p r o p e r - t i m e  t e c h n i q u e  t o  c a l c u l a t e  M [ ( ! )  -»-(II)’ + ( l l ) " ]  i n  t h e  non-  
d i s p e r s i v e  c a s e  f o r  f r e q u e n c i e s  l e s s  t h a n  t h e  t h r e s h o l d  f o r  p a i r  
p r o d u c t i o n .  The s c a t t e r i n g  a m p l i t u d e s  f o r  p h o to n  s p l i t t i n g  i n v o l v i n g  
an  odd number o f  p a r a l l e l - p o l a r i z e d  p h o t o n s  a r e  i d e n t i c a l l y  z e ro  f o r  
a l l  v a l u e s  o f  t h e  f r e q u e n c y  and am bien t  f i e l d  s t r e n g t h  i n  t h e  non-  
d i s p e r s i v e  c a s e .  T h i s  r e s u l t  i s  a c o n s e q u e n c e  o f  t h e  CP i n v a r i a n c e  of  
quantum e l e c t r o d y n a m i c s  [A d le r  1971] .
The p r o b a b i l i t y  p e r  u n i t  t im e  f o r  t h e  s p l i t t i n g  of  a pho ton  i n  
t h e  mode ö i n t o  p h o to n s  i n  t h e  modes G' and G” i n  t h e  r a n g e s  
d 3k ' / (2T T )3 and d 3k " / ( 2 tt) 3 , r e s p e c t i v e l y ,  i s  r e l a t e d  to  t h e  
c o r r e s p o n d i n g  s c a t t e r i n g  a m p l i t u d e  by [ B e r e s t e t s k i i  e t  d l .  1971, §65]
a ' o " , . _ (2tt) 3 s ( 4) ( k - k '  - k " )  | m( 0 + 0 '  + o" ) I 2
W rr  vS’iS ’JS 7 n | t I I I0 ~ ~ ~  8 Ü) 0) Ü)
( 2 . 8 - 1 3 )
The a b s o r p t i o n  c o e f f i c i e n t s  f o r  pho ton  s p l i t t i n g  a r e  r e l a t e d  to  
a' n"
wp ( k , k ’ , k " )  by
, d 3k ’ r d 3k" , „
k (ö ->o ' + g" )  := ^  ---- —  ---- —  wa °  ( k , k ’ , k M) , ( 2 . 8 - 1 4 )
J (2 tt) 3 J (2 tt) 3 Q
where  t h e  f a c t o r  of  \  i s  due to  t h e  i n d i s t i n g u i s h a b i l i t y  of  t h e  two 
f i n a l  p h o t o n s .  The e a s i l y  v e r i f i e d  i d e n t i t y  [A d le r  e t  a t .  1976]
« 0 ) ( k _ k > _ k" )  { ( | k | -  Ik > I -  | k" | )
2ttIk '  I | k " |  [ . dx S( 3 ) ( k " - x k )  S(3) [ k '  -  k ( l  -  x) ]
may be u sed  t o  r e w r i t e  ( 2 . 8 - 1 4 )  w i t h  ( 2 . 8 - 1 3 )  i n  t h e  form
( 2 . 8 - 1 5 )
K (O + G '  +  o "  )
r0)
32ttoj;
dco’
;03
dw" 6(w -  a)’ -  w") | m(g -»-a1 + a") | 2 .
( 2 . 8 - 1 6 )
In  t h e  w e a k - f i e l d  l o w - f r e q u e n c y  l i m i t ,  t h e  s c a t t e r i n g  a m p l i t u d e s
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given by (2.8-12) may be used to calculate the absorption coefficients 
for photon splitting. This yields
K[(IO ->(11)' +(1)M] = K[ (II ) -*(!)* +(II)M] = K[(l) + (ll)’ + (||)"]
K[(l) ->(!)’ + (!)"]
132a 3m ^B sin0 6 M
31 5 2 x 157T2 l B ^ c ; l - J
242a 3m B sin0 6 'bd
3 1 5 2 x 15tt2 1 B v- c ; m
(2.8-17a)
(2.8-17b)
k (ö -*g ’ + g") = 0 , otherwise . (2.8-17c)
The weak-field low-frequency absorption coefficients (2.8-17a,b,c) 
were obtained independently by Bialynicka-Birula and Bialynicki-Birula 
[1970] and Adler et al. [1970].
2.8.2 The weak-dispersion limit
When (weak) dispersive effects are included Bialynicka-Birula and 
Bialynicki-Birula [1970] and Adler [1971] have shown that, for B < B c, 
the contribution of the hexagon diagram of figure 2-2 to the scattering 
amplitude for photon splitting dominates the contribution from the box 
diagram of figure 2-1. When dispersive effects are weak Adler [1971] 
has also shown that the absorption coefficients for photon splitting 
processes involving an odd number of parallel-polarized photons are 
very much smaller than those involving an even number of parallel- 
polarized photons. The photon absorption coefficients in the weak- 
dispersion limit are therefore given approximately by those derived in 
the non-dispersive case when these processes are kinematically allowed. 
Conservation of 4-momentum for the photon splitting process O^ö' +ö" 
requires that the refractive indices satisfy the "index-matching"
condition
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(osf + 03") yG (w’ +  03")j< = (jü’yG (03f )jc’ + o)"yG (o3")j<" . (2.8-18)
The photon splitting process is kinematically allowed when the 
triangle inequality for vector addition is satisfied by (2.8-18), that 
is, when
(a)’ +w") yG (oj’ +03") <  03'y0 ' (o3f ) +03"yGM(03") (2.8-19)
is satisfied. The photon splitting process is kinematically forbidden 
when (2.8-19) is not satisfied. The index matching condition is 
consistent with phase-space considerations (cf. eqn. (2.8-3)).
For a purely magnetic field in the weak-dispersion limit Adler 
[1971] has shown that the dispersion relations (2.5-la,b) and the 
result [Toll 1952, §3.2] (valid for B < and for all 03)
Y^(oj) > y'L(03) > 0 (2.8-20)
together imply that the reactions (II ) (II ) ’ + (II )" , (II ) (II ) ’ + (-!-)" ,
(II ) -► (-L) ' + (II )" , (II ) -+ (-L) ' + (-1-)" and (1) -*(!)' + (1)" are kinematically 
forbidden for 0 <  03* ,03M <  03 < 2m and B < B c . Using numerical results 
for the vacuum refractive indices Adler [1971] has also shown that the 
reactions (1) + (1) ’ + (||)" , (1) + (||) ’ + (1)" and (1) + (||) ’ + (||)M are 
kinematically allowed for 0 <  03',03" <  0) <  1. 3 m and 0 <  B <  1. 3 B^. 
Adler [1971] concluded that, for 03 < 2m, the splitting of parallel- 
polarized photons is absolutely forbidden by dispersive effects, while 
the splitting of perpendicular-polarized photons is allowed. The 
dominant splitting process for perpendicular-polarized photons is 
(-L) (II ) ’ +(ll)", with an absorption coefficient given approximately by 
(2.8-17a) in the low-frequency weak-field limit.
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2.8.3 General results
Papanyan and Ritus [1972, 1974] have discussed photon splitting 
in a static uniform null field of arbitrary intensity. They concluded 
that the polarization selection rules of Adler [1971] are not
0f>p4-Cd J jjcgenerally 1  ^ in a null field.
Exact probabilities for photon splitting in an ambient magnetic 
field are derived in §6.5. The polarization selection rules of Adler 
[1971] are shown to be when dispersive effects are strong.
The scattering amplitudes for photon splitting obtained by Bialynicka- 
Birula and Bialynicki-Birula [1970] and Adler [1971] are rederived in 
the appropriate limits. Earlier treatments of photon splitting by 
Skobov [1959] [quoted in Erber 1966], Minguzzi [1961] and Sannikov 
[1967], and the more recent calculation by Gal’tsov and Skobelev 
[1971], are shown to be in error.
2.9 Photon-photon scattering
Photon-photon scattering is a nonlinear effect in quantum 
electrodynamics which can occur in the absence of an ambient field. 
This process was considered qualitatively by Vavilov [1928, 1930] and 
Halpern [1933] and the first quantitative treatment was given by Euler 
and Kockel [1935] and Euler [1936] in the low-frequency field-free 
limit. In this limit the (semi-classical) cross section for photon- 
photon scattering may be derived from the first nonlinear term in the 
expansion (2.2-4) of the Heisenberg-Euler Lagrangian density.
2.9.1 A semi-classical derivation
Semi-classical methods have been used explicitly by McKenna and
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Platzman [1963] to derive the low-frequency field-free cross section 
for photon-photon scattering. In this method of calculation, the 
vacuum is treated as a polarizable medium with electric permittivity 
tensor and magnetic impermeability tensor given by their static values 
(2.5-5a,b). The resulting nonlinear terms in Maxwell’s equations for 
the vacuum are combined into charge and current density terms which 
are calculated for three linearly polarized transverse plane waves 
(two initial waves of frequencies and U)2 and wave vectors k: and 
and one final wave of frequency w3 and wave vector k3) whose combined 
field is specified by
and
3
E0 := 2 ^i^i cos(l)£ (2.9-la)
i=l
3
B0 := 2 F.k . *e. cos* . (2.9-lb)
i=l
where is the real amplitude of the i’th wave, je^  is a unit 
polarization vector, := k_/|k^| and 4)^  := k^.jr-oo^t. The induced 
charge and current densities (assumed to be non-zero only within an 
interaction volume V) are treated as small source terms in the linear 
Maxwell equations of the electromagnetic field. Classical electro­
magnetic theory is used to determine the long-range field radiated by 
these sources. The long-range field is found to have the frequency
co4 =  ( D 1  +  (jl3 2  - 0)3 (2.9-2a)
and the wave vector
Jfe, = iSi + is2 - is3 • (2.9-2b)
The results (2.9-2a,b) demonstrate that conservation of 4-momentum is 
satisfied in this semi-classical treatment of photon-photon scattering.
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It is convenient to consider photon-photon scattering in the 
centre-of-momentum system where 033 = 034 , k 1 = ,  k 3 = -k4 =: -k.
Conservation of energy implies 03j = 032 =0)3 = 034 : = 03. The differential 
scattering cross section, dc/dfi, may be calculated by dividing the 
time-averaged power radiated per unit solid angle by the average 
energy flux in the initial waves. With each wave normalized to 
correspond to one photon per volume of interaction, that is, with
03 = Oh i  jv d3£ 2F2 c o s24>. _V_8tt F
2 (2.9-3)
for i = 1,2,3, one obtains
r2da _ __e^
dfi on^ f—
2 f \03
U ttJ m IK x (Ai + k x A2) I 2 , (2.9-4)
where r :=a/m is the classical radius of the electron, e
ti := . A ,  G(e..ek -K. xe..Kk Xek) ez + 7e..(£k xek) £ l ><ez] 
J , k,0—1
and
^2 2 t2(ej-ek £j /£j-£k /£k )^ 7!j'fe|cx£it* '
j,k,7=l
(2.9-5)
After averaging over the initial states and summing over the final 
states, (2.9-4) yields the differential cross section for scattering 
by unpolarized photons,
da
dQ
139 2
— T r 90 e
(3 + cos2x)2 > (2.9-6)
where x is the angle between k and k x. Integrating over solid angle 
gives the total cross section for photon-photon scattering in the low- 
frequency field-free limit, viz.
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a (2.9-7)
where a factor of has been inserted to account for the 
indistinguishability of the two final photons.
2.9.2 General results
In the high-frequency limit (u) >> m), Akhiezer [1937] demonstrated 
that the total cross section for photon-photon scattering by 
unpolarized photons is given by
Invariant perturbation theory was used by Karplus and Neuman [1950, 
1951] to calculate the field-free cubic vacuum polarization tensor and 
to derive (cumbersome) expressions for the photon-photon scattering 
cross section without restriction on the photon frequency. Simpler 
results for the photon-photon scattering cross section were obtained 
by De Tollis [1964, 1965] using a subtracted double-dispersion 
representation.
The presence of an ambient magnetic field further complicates the 
calculation of the photon-photon scattering cross section. To my 
knowledge no general results are available in the literature. Forward 
photon-photon scattering in a static uniform magnetic field has been 
treated by Ng and Tsai [1977] to lowest order in the radiation field 
without approximation in the ambient field strength. The low- 
frequency strong-field cross section for photon-photon scattering by 
unpolarized photons in an ambient magnetic field has been derived by
O ,T (2.9-8)
Loskutov and Skobelev [1977]. Their result
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öT
2 Ol fü)
e 4 tt U sin20 , (2.9-9)
where 0 is the angle between the initial photon momentum and the 
ambient field in the centre-of-momentum system, is valid for 
Bc/ a > B > > B c- Photon-photon scattering in a magnetic field to lowest 
order in the radiation field is discussed further in §6.7. Although 
explicit results for the cross section are not given it is shown how 
the cross section for all field strengths may be derived from the 
cubic vacuum polarization tensor in a magnetic field.
Photon splitting (and photon coalescence) in the non-uniform 
field of a nucleus and the elastic scattering of a photon by a nucleus 
[Delbrück 1933] are processes related to photon-photon scattering.
They correspond to the replacement of one photon and two photons (one 
initial and one final) respectively, in the Feynman diagram for 
photon-photon scattering (figure 1-4) by interactions with the nuclear 
field. These processes have been discussed by Constantini et at. 
[1971] and Papatzacos and Mork [1975], where references to earlier 
work are given. There is strong experimental evidence for Delbrück 
scattering [Papatzacos and Mork 1975], but the claim by Jarlskog et 
at. [1973] to have observed photon splitting in the nuclear field has 
been disputed by Baier et at. [1974]. There is no experimental 
evidence for photon-photon scattering.
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CHAPTER THREE
MOTION OF AN ELECTRON IN A STATIC 
UNIFORM ELECTROMAGNETIC FIELD
3.1 Introduction
The motion of an electron in a static uniform electromagnetic 
field is studied in this chapter. The effect of the ambient field is 
included exactly by considering operators in the Furry [1951] bound 
interaction picture. A method for including the effect of an ambient 
plasma on the electron propagator, based on the replacement of the 
electron propagator by a propagator averaged over the distribution of 
electrons and positrons, is also discussed.
3.2 The field-free electron propagator
The electron propagator is the Green's function of the Dirac 
equation for the electron. In the field-free vacuum, Dirac's equation 
may be written in the form
(?$ - m) ip(x) = 0 , (3.2-1)
where := i$ (the Schrödinger representation) and i^ (x) is the four- 
component wave function. In (3.2-1), and in other equations in this 
thesis, the bispinor indices are suppressed. The electron propagator 
G(x-x') is given by the solution of the equation
(?$ - m) G(x,x') = 6^4^(x - x ') (3.2-2)
with the appropriate boundary conditions.
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The solution of (3.2-2) for the causal Feynman electron 
propagator may be written in the form of a vacuum expectation value 
[see e.g. Berestetskii et at. 1971, §76],
G (x-x') = -i (o| T 4<(x) $(x') 10 > , (3.2-3)r
where T is the chronological order operator
^ ^ [ $(x) $(xf) for t > t ’
T ip(x) $(x') := )
[ -?(x') Hx) for t < t ’ , (3.2-4)
/ \  ~
and ^(x) and ^(x) are the operators in the interaction picture 
corresponding to the wave function ^(x) and its Dirac conjugate *Kx) 
(:= ip (x)Y , where t denotes the Hermitian conjugate) respectively. 
For a free particle of definite momentum and energy (a plane wave), 
the operators ^(x) and ^(xT) are related to the bispinors ua(p) and
v a(j3) (of normalization ua(p) ua,(p) = 2m 6aa, = -va (p) va'(P)) by
$ (x) = 2
a J
,3
d z 1
Sa(P) V E ?  e"1PX + ^ a(P> va (E>
\
ipx
(2n) 3 (2z)h
e
>
and
A
'l'(x') = 2 
a J
J 3
d z 1
4 (p)V. eiPX + ea (£>
P_ipx (3.2-5)
(27T) 3 h(2e) 2
0 *
with p° = £ := (m2 + Ip I2)^ 2 In (3.2-5) aa (p) and t>a (p) are the
annihilation operators for particles and antiparticles respectively of
/s, j* /\ j*momentum p and spin state Ot, and aa (p) and ba (p) are the corresponding
creation operators. The normalization in (3.2-5) corresponds to one
3 3particle in the range d p/(2^) at p in the volume V = 1.
The Feynman electron propagator (3.2-3) may be calculated by 
using (3.2-5) and noting that the only relevant non-zero vacuum 
expectation values are
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<°l sa (j.) (p’) |0> = (0| ba(p) b+,(p') |0> = (2tt) 3 «a a .«(3)(p-p') •
(3.2-6)
This gives
G (x - x') = - i F
A 3d p
r: 2  I« (p) u (p) e ( t - t ' )  exp [-ip (x - x') ](2tt) 3 2e ' a
- va (p) va (p) 6(t' - t) exp[ip(x - x 1)]} ,
(3.2-7)
with p° = £. The sum over the spin states in (3.2-7) may be performed 
using the completeness relations
2 ua (p) ua (p) = *5+m and 2 v (p) v (p) = i - m. (3.2-8a,b)
a ~ ~ a ~ ~
This gives
G (x - x') F
with p° = £ .
d £ 1 r7— 0 ( t - t f) exp [-ip (x - x ’ ) ] 
( 2 TT ) ^
+ (~i> + m) 6(tT - t) exp [ip (x - x') ]} ,
(3.2-9)
The Feynman electron propagator (3.2-9) may be derived directly 
from (3.2-2) by Fourier transforming to momentum space, which 
corresponds to expanding in plane waves. Solving the resulting 
algebraic equation for the electron propagator gives
c(p) = — t- = -f-1" ■ (3.2-10)
p - m p - m
The four components of the 4-vector p^ in (3.2-10) are independent
0 2 2variables, not necessarily related by (p ) = £  .
The boundary conditions for the electron propagator are 
equivalent to prescriptions for integrating around the poles in 
(3.2-10) at p° = ±£ when reconstructing the electron propagator in
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coordinate space. The Feynman propagator, which corresponds to a 
choice of boundary conditions such that for t > t ’, G(x-x') 
corresponds to a positive-energy electron propagating forward in time 
from rT to r, while for t< t’, G(x-x') corresponds to a negative- 
energy electron propagating backwards in time from r' to r is found by 
passing above the pole at p°= £ and below the pole at p° =-£, as in 
figure 3-1, when performing the p°-integration.
Figure 3-1: The Feynman contour in the complex p°-plane.
Alternatively, the p°-integration may be performed everywhere along 
the real axis, but with the mass m of the particle given an 
infinitesimal negative imaginary part, that is, with
m -*■ m - iO . (3.2-11)
With this prescription (Feynman’s rule for avoiding the poles) the 
poles at p° = ±£ are moved off the real axis (see figure 3-2) and 
integration along this axis is equivalent to integration along the 
contour of figure 3-1.
p° = -£ + iO
-------->■--------------------- >----------------------- >-----
p° = £ - iO
Figure 3-2: Feynman’s rule for avoiding the poles in the
complex p°-plane.
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The Feynman field-free electron propagator is given in momentum 
space by
g f (p ) ^ + m
p2 - m 2 +i0
(3.2-12)
and in coordinate space by
Gf (x - x ’) d4p_____(2tt) 4 (p2 - m 2 + iO)
+m) exp [-ip (x - x ’) ] . (3.2-13)
For t ^ ’, closing the Feynman contour in the lower half-plane 
includes the pole at p° = £ and gives
d 3p (YUe - Y.p +m)
— 21---------------- exp [-ie(t - t’) + ij3. (x - x')]
(3.2-14a)
while, for t < t T, closing the contour in the upper half-plane yields
r d 3p (-Y°e - Y.p + m)
gf (x - x t) - - i I ----- -— ---  exp[ie(t - t') + ip. (x - x') ]
G (x - x ’) = - i I 3F J (2tt) 3
(2tt)
(3.2-14b)
The results (3.2-14a,b) may also be derived from (3.2-13) by using the 
Plemelj formula (2.3-2). A change of integration variable in 
(3.2-14b) from p to -p allows one to write (3.2-14a,b) in the form 
(3.2-9). This demonstrates that the propagator defined by (3.2-3) is 
a solution of (3.2-2) with boundary conditions corresponding to 
Feynman’s rule for avoiding the poles.
An alternative representation of the Feynman field-free electron 
propagator may be obtained from (3.2-13) by using the integral 
representation
1
(p2 - m 2 +i0)
ds exp[is(p2 - m 2 + iO)] (3.2-15)
and performing the 4-dimensional p-integral using (B-5). This gives
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Gp (x - x') ds16tt s2 2 exp(~im2s) {*-*')+ m
x exp 47 (x- x')2 (3.2-16)
with Feynman's rule for avoiding the poles understood. The 
integration variable s in (3.2-16) plays the role of the proper-time.
3.3 Dirac’s equation in the presence of a 
static uniform electromagnetic field
In the presence of a static uniform electromagnetic field,
Dirac's equation for an electron in the Schrödinger representation may 
be written in the form
(i$ + eA(x) - m) iKx) = 0, (3.3-1)
where A^(x) is the 4-potential of the ambient field. To solve for 
ifi(x) it is convenient to introduce X(x) given by
ijj(x) =: (i$ + eA(x) + m) x(x) , (3.3-2)
and solve the equation
(i# + eA(x) - m) (ij$ + e/.(x) + m) x(x) = 0 (3.3-3)
for the spiWr function X(x) • This equation may be rewritten in the 
form
^ieGyVF , - 3y3 +2ieAy3 + e2AyA - m2yv X(x) = 0 , (3.3-4)
where A^(x) has been chosen to satisfy the Lorentz gauge (i.e.
3^A =0),y
yv , , y v v yNö := h(y y -y y ) (3.3-5)
and
FyV(x) := - 3vAy (x) (3.3-6)
is the Maxwell tensor.
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For an electromagnetic wrench with field direction along the 
3-axis, that is, with
F 12 = —F21 = - B> F03 = ~F 3o = E > Fyv = 0 ° t h e r w l s e > (3-3- 7)
and with the choice of gauge
<J> = 0, A = (0,Bx,-Et) ,
one has
GyVF , = 2iBE + 2EE’ ,yv *
where
(3.3-8)
(3.3-9)
Q O o Q
E := ia 12 = Z and E’ := a 03 = Z
0 a ^ 7.} a o .v z '
and (3.3-4) reduces to
L 9t‘
32 + ^ l + 2ie
9r‘
„ 9  ^ 9Bx --- Et -tt—ay dz
2 /d2 2 , „ 2 . 2s- e  ( B x  + E t )
- m 2 - EBE + ieEE 
X(x) = 0 .
(3.3-10)
(3.3-11)
3.3.1 A magnetic field
For a purely magnetic field, the solutions of (3.3-11), apart 
from normalization, are of the form
X(x) = exp[-ip°t + ip^y + iPzz l f(x ) > (3.3-12)
where the argument of f(x) is the 1-component of xy . Explicit 
calculation shows that for
I p° I = e(pz ,n,s) := [m2 + p 2 + (2n + 1 + s) e B ] 2 , (3.3-13)
where n = 0,l,2,... and s = ±1 is an eigenvalue of E, the function f(x) 
is equal to the normalized harmonic oscillator eigenfunction v (?)> 
where
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€ : = (eB) 2 (x + p /eB)y (3.3-14)
The functions v (£) are related to the Hermite polynomials by
vn(0
exp(-^£2)
( / tt 2nn l ) ' 2
(3.3-15)
and they satisfy the equations
vn(S) = /2"n v . (5) , n-1 vn (^) = /2(n + 1) vn+1( 0  .
(3.3-16)
The sign of p° is arbitrary with the negative-energy states in 
one-to-one correspondence with the positive-energy states. By 
retaining the negative energy states, with
o
(3.3-17)
retained explicitly, positrons may be identified with holes in the 
otherwise filled sea of negative-energy electrons.
It is convenient to write the function (3.3-12) in the
form
Xn g (x,py ,pz) = exp[-iee(pz,n,s) + ip^y + ip^z] vn (£) (3.3-18)
and to choose four column vectors (J)^ which are the eigenvectors of £ 
with eigenvalue s. The solution of Dirac’s equation (3.3-1) may then 
be written as
n . s ^ ’V 1^  = W + e A(x)+m] < jS(x,Py,Pz)(^) , (3.3-19)
where BG (p ) is a normalization factor. Using the standard n,s z
representation of the Dirac matrices (1.1-15) and with the gauge 
chosen to be (3.3-8) with E = 0, one may rewrite (3.3-19) in the form
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with
and
l|'n)s(x’Py ’Pz) = Bn,s(pz) exp [-ip° t + ip y + Ip^]
x An (x,P .PZ,P°) (<f>g) , (3.3-20)
P - ee(pz,n,s) (3.3-21)
An(x’py ’pz’p0) =
(p° +m)v
P v z n -ip v n n-1
ip ,,n . -p vn+1 n+1 z n
In (3.3-22), the quantity
-p v z n
(-p° +m)v
p^ := (2neB)
ip v n n-1
(p° + m)v -ip v p vn n+1 n+1 rz n
(-p0 + m) Vn
(3.3-22)
(3.3-23)
has been introduced; the argument x denotes the 1 component of x , 
the argument E, of the functions v , etc., has been suppressed and the 
relations (3.3-16) have been used to write the components in a simpler 
form.
The wave functions if (x,p ,p ) are normalized according ton,s y z
eB 2 2 I d3r
n=0 s=±l
dpy
2tt
dpz t eC  (X >P„>P„)Y° ^  „(X »P »P ) = 1*2tt n,s *y z rn,sv ’V  z
(3.3-24)
The non-trivial part of this normalization arises from
eB dx < (S(x.Py .Pz)Y“ ^ ;S(x .Py>Pz) = 1 •.0 (3.3-25)
which corresponds to one particle with given n,s in the range
dpy dpz/(2TT)2 in the volume V = 1. Substituting (3.3-20) into (3.3-25)
gives
r° °
eB J dx (<^) * A^(x,py ,pz,p°) An(x,py ,pz ,p°)((l)^)|B^s(pz)|2 = 1.
(3.3-26)
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With the choice
(4>i)
Y
'o
0
and (4>f l) =
1
0 0
o
v_
__
__
__
(3.3-27)
of column vectors, the integrand of the normalization condition
(3.3-26), for s = l  and s=-l, reduces to the 11- and 22-components of
the matrix product of A with A respectively, times |ß (p ) | .n y s z
Writing
(3.3-28)
and using
d£[vn(0]2 1 , (3.3-29)
one obtains the result
IT (p ) n,s z [(eB)22p°(p° + m)]2
(3.3-30)
with p° given by (3.3-21). Hence, the normalized wave functions in a 
static uniform magnetic field are given by
V s (x’Py’PP
exp (-ip t+ip y + ipzz) An (x,py ,pz ,p°) (<jr) 
[(eB)22p°(p° + m) ] 2
: exp(-ip01) ^n>s(£>Py >Pz) » (3.3-31)
with p° given by (3.3-21). The result (3.3-31) was originally derived 
by Johnson and Lippmann [1949].
3.3.2 A pair-creating field
For a pair-creating field no solutions of Dirac’s equations exist
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which can be associated with either electrons or positrons for all 
time. The energy levels which correspond to positive-energy electrons 
when the ambient field is removed adiabatically may be negative in the 
presence of the ambient field. Spontaneous pair production by the 
field is possible since the vacuum is not the lowest energy state.
Exact solutions of Dirac's equation for an electron in a pair- 
creating field may be found if one identifies the electron state as 
that which develops from the field-free electron state when the field 
is turned on adiabatically. Narozhnyi [1968] and Nikishov [1970], for 
example, have presented exact solutions of Dirac’s equations for an 
electron in an electric field and in an electromagnetic wrench 
respectively. These exact solutions contain all the information about 
the scattering processes of the electron-positron field and about 
processes involving the creation of electron-positron pairs from the 
vacuum [Bagrov et at. 1975]. Relativistic quantum processes with 
arbitrary initial and final states in a pair-creating ambient field 
have been discussed by Gitman [1977] using an extension of invariant 
perturbation theory.
3.4 The electron propagator in a static 
uniform electromagnetic field
A 1-dimensional integral representation of the Feynman electron 
propagator in an arbitrary static uniform electromagnetic field, 
including the effect of the ambient field exactly, has been derived by 
Schwinger [1951] using the proper-time technique. For an electro­
magnetic wrench with field direction along the 3-axis, explicit 
calculation shows that the propagator derived by Schwinger reduces to
Gp(x,x’) = (J>(x,x*) Ap(x - x' ) , (3.4-1)
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with
and
Af (x )
<t>(x,x') exp -ie dx A^(x)v (3.4-2)
e2BE f ° ° 2^  exp(-im s) ieB(x2)^ ieE(x2)j|
1 6 tt2 . sin(eBs) sinh(eEs) c ^
n
4tan(eBs) 4tanh(eEs)
6d
m exp(-iEeBs) exp(-E'eEs) + 2sin(eBs) exP(- ^'eEs)
+ 2sinh(eEs) (yx) I, exp(-iEeBs) (3.4-3)
The integral in (3.4-2) is along the straight line from x to x' and 
Feynman's rule for avoiding the poles is understood in (3.4-3). In 
the field-free limit (3.4-1) reduces to (3.2-16). This demonstrates 
that in the derivation of (3.4-1) for a pair-creating field the 
electron state has been chosen as that which develops from the field- 
free electron state when the field is turned on adiabatically.
The function A (x) is independent of the gauge. The gauge
r
dependent part of the propagator may be rewritten as [Schwinger 1951]
<j>(x,x') exp-\ -ie d x ^ ^ ( x )  +J$FyVx^ - %iex^F^Vx^| , (3.4-4)
where the integral is independent of the integration path since 
A^(x) +%F^V x^ has a vanishing curl. For the choice of gauge
(p = 0 , A = (0,Bx,-Et) , (3.4-5)
one has
cj)(x,x' ) = exp [^ieE (t + t ’) ( z - z f) - ^ ieB (x + x') (y - y ' ) ] . (3.4-6)
3.4.1 A magnetic field
For a purely magnetic field, (3.4-1) reduces to the propagator
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obtained by Geheniau [1950] and Geheniau and Demeur [1951]. An 
alternative representation of the Feynman electron propagator in a 
static uniform magnetic field has been obtained by Svetozarova and 
Tsytovich [1962] using the operators corresponding to the exact 
electron wave functions (3.3-31). This representation of the 
propagator may be derived from the definition [Lifshitz and Pitaevskii 
1974, §106]
Gf (x ,x ') = - i <0| T $ (e)(x) $ (e)(x') 10) , (3.4-7)
where the superscript (e) denotes operators in the Furry bound
/n (e) -(e)interaction picture. The operators (x) and \p (x*) are related
to the exact electron wave functions (3.3-31) by
$ (e) (x) = 2 (a V 1 (r,p ,p ) exp[-ie(p ,n,s)t]
q 4 u>b ~ y  ^ z
+ b n C  exp[ie(p ,n,s)t]}q n,s ~ y z z
and
4>(e)(x') = 2 (a^ ijj*1 (r',p ,p ) exp[i£(p ,n,s)t’]Q II • S y  c j  &q J
+ b n C 1c(rl >P,r>Pj exp[-ie(p ,n,s)t* ]} , (3.4-8)q n , s ~ y z z
where q denotes the set (Py,Pz,n,s},
2 : = eB 2 2
q n=0 s=±l
(3.4-9)
A
and a^ and b^ are the annihilation operators for particles and anti- 
particles respectively, and a^ and b^ are the corresponding creation 
operators. Substituting (3.4-8) into (3.4-7) and noting that the only
relevant non-zero vacuum expectation values are
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(3.4-10)
one obtains
x exp[-ie(p ,n,s) (t - t' ) ] - \\) 1 (r,p ,p )
£-t 11 J O  V  /j
1 (r’,p ,p) 0 (t' - t) exp[ie(p ,n,s) (t - t') ] } . 
n,s y z z (3.4.11)
In the field-free limit, the Feynman propagator (3.4-11) reduces to
The electron propagator in an ambient magnetic field is a 
function of both r and independently but of t and t' only through 
T := t-t'. One may therefore Fourier transform (3.4-11) with respect 
to the time. Using the integral representation of the unit step 
function
(3.2-7).
(3.4-12)
one obtains
*00
'— 00
(3.4-13)
3.5 The electron propagator in a
collisionless electron-positron plasma
The Feynman electron propagator in a collisionless electron- 
positron plasma has been derived by Tsytovich [1961] for an isotropic
plasma and by Svetozarova and Tsytovich [1962] for a plasma in an 
ambient magnetic field. The essential idea is the replacement of the 
electron propagator by a propagator averaged over the distribution of 
electrons and positrons (cf. §1.3).
77
3.5.1 The field-free propagator
The expression (3.2-3) for the field-free electron propagator in 
vacuo may be rewritten in the form
Gp (x - x') = -iTr[pQ T$(x) $(x')] (3.5-1)
where
P0 := |0> <0| (3.5-2)
is the density matrix for the vacuum and the trace is over all 
possible states of the system. Using the prescription of Tsytovich,
t
the averaged propagator for a system of electrons and positrons 
described by a density matrix p may be identified as the propagator 
(3.5-1) with pQ replaced by p, that is,
Gp (x - x ’) = - iTr[pT$(x) i^(x’)] . (3.5-3)
The averaged propagator may be calculated explicitly by substituting 
(3.2-5) into (3.5-3) and performing the statistical average using
Tr[p S*(p) aa (p)] 
Tr[p ^ ( p ) ba (p)] 
Tr[p aa (p) a^(p)] 
Tr[p ba (p) bj^p)]
= (2tt) 3 n+(p) ,
= (2tt) 3 n‘(p) ,
= (2n)3 [l-n+(p)] ,
= (2u)3 [l-n-(p)] , (3.5-4)
where n+(p) and n (p) are the occupation numbers of the electrons and
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positrons, respectively. It is important to note that the occupation 
numbers are not necessarily for a thermal distribution of particles. 
The result for the averaged Feynman propagator in an isotropic plasma 
may be written in momentum space as
V p) z
e=±l
f l - n £(p) n£(p)
+
(p° - e£ + ieO) (p° - e£ - ieO)
+ m 
2ee
where
(P€)y (e£,£)
(3.5-5)
(3.5-6)
In the absence of an ambient plasma, the propagator (3.5-5) reduces to 
(3.2-12).
3.5.2 The propagator in an ambient magnetic field
The averaged Feynman electron propagator in an ambient magnetic 
field has been derived by Svetozarova and Tsytovich [1962] using a 
method analogous to the method used to derive (3.5-5). Their result 
may be written in the form
q e=±l J J
1- n
+
. €n
q
U)-ee(p ,n,s) +ieO 0)-e£(pz,n,s) - ieO (3.5-7)
In the absence of an ambient plasma, the propagator (3.5-7) reduces to 
(3.4-13).
3.6 The exact electron propagators
The electron propagators discussed in §§3.2, 3.4 and 3.5 are 
exact only when radiative corrections are negligible. They do, 
however, include exactly the effect of an ambient field when radiative
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corrections are negligible. These propagators are referred to as the 
"bare" propagators to distinguish them from the "exact" propagators, 
which are valid to all orders of perturbation theory.
The exact electron propagators corresponding to the definitions
(3.2-3), (3.4-7) and (3.5-3) of the bare propagators may be obtained
from these definitions by replacing the operators in these definitions
by operators in the Heisenberg picture [see e.g. Lifshitz and
Pitaevskii 1974, §102]. An expansion of the exact field-free electron
propagator G (p) in powers of a may then be interpreted in terms of a r
sum of all Feynman diagrams with two external electron lines. This 
sum may be represented graphically by figure 3-3 where the thick 
continuous line corresponds to iG (p) and the thin continuous andr
broken lines correspond to iG (p) and -iD (k) (the bare photonr yv
propagator; cf. §5.8) respectively.
+ {higher order radiative corrections} 
Figure 3-3: The exact electron propagator.
The section between two electron lines is called the electron self­
energy part. It is said to be compact if it cannot be further sub­
divided into two self-energy parts by cutting a single electron line. 
The sum of all compact parts (denoted -iM(p), where M(p) is called the 
mass operator) may be represented graphically by figure 3-4.
80
+ { h i g h e r  o r d e r  r a d i a t i v e  c o r r e c t i o n s )  
F i g u r e  3 -4 :  The e l e c t r o n  mass o p e r a t o r .
The e x a c t  e l e c t r o n  p r o p a g a t o r  r e p r e s e n t e d  by f i g u r e  3-3 may t h e n  be  
r e - e x p r e s s e d  g r a p h i c a l l y  by f i g u r e  3 -5 .
- iM (p)
- iM (p)
F i g u r e  3-5:  The e x a c t  e l e c t r o n  p r o p a g a t o r .
The a n a l y t i c a l  form of  t h e  s e r i e s  r e p r e s e n t e d  by f i g u r e  3-5 i s  
iGp (p) = iGp(p)  + iGp(p)  [ - i M ( p ) ] iGp (p)
+ iGp(p)  [ - i M ( p ) ] iGp(p)  [ - i M ( p ) ] iGp-(p) + . .  . , ( 3 . 6 - 1 )  
which may be  r e - w r i t t e n  as
Gp(p)  = Gp(p)  + Gp (p) M(p) [Gp(p)  + Gp(p) M(p) G(p) + . . . ]
= Gp(p)  +Gp (p) M(p) Gp(p)  . ( 3 . 6 - 2 )
I n  t h e  p r e s e n c e  of  an am bien t  f i e l d ,  t h e  b a r e  e l e c t r o n  p r o p a g a t o r
G „ ( x , x ’ ) i s  a f u n c t i o n  of r  and r ’ i n d e p e n d e n t l y ,  and ,  i n  t h e  momentum 
r  ~  ~
r e p r e s e n t a t i o n ,  one may w r i t e
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GF(p>pf;w) dT d r I d i:' exp[i(oox + p’.r' - p. r) ] Gp(r,r’;x)
(3.6-3)
The exact electron propagator G (p,p';go) may then be representedr ~  ^
graphically by figure 3-3, but with the thin continuous lines 
corresponding to factors of iG (p,p';üo) instead of iG (p) and withr ^  ^  r
each line assigned one value of the virtual energy w and two values of 
the momentum, the initial value p’ and the final value p. The 
expansion for G (p,p’;w) may be summed by a procedure analogous tor ~
that used in the derivation of (3.6-2). This yields
^F^P’P';a)) = Gf (P’P’ +
i3 A 3a Pi f d P2
(2tt) 3 J (2tt) 3
GF(P»Pi;a)) W(Pi,p2;a)) Gp^jp'jaj) , (3.6-4)
where -iM(p,p’;oo) is represented graphically by figure 3-4 with thin 
continuous lines corresponding to factors of iG^ (p ,j3f ;a)) .
The poles of G (r,r’;o)) determine the exact energy levels of anI1 ~  ~
electron in an ambient field. For a purely magnetic field, Tsai and 
Yildiz [1973], based on unpublished work by Schwinger, have used the 
proper-time technique to derive the lowest order contribution to the 
mass operator (corresponding to the first diagram on the right hand 
side of figure 3-4) and to calculate the corresponding radiative 
correction to the energy levels of an electron. These results were 
rederived by Tsai [1974a] using the expression (3.4-1), with E=0, for 
the bare electron propagator. The result for the ground state energy 
of an electron in a magnetic field, with radiative corrections assumed 
small, was originally derived by Demeur [1953]. Some of the 
calculations of Demeur were corrected by Newton [1954].
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In this thesis the bare electron propagator is used to calculate 
the vacuum polarization tensors in a static uniform electromagnetic 
field. The calculation of the radiative corrections to these tensors 
using the exact electron propagator (and exact vertex function) is a 
task yet to be performed.
PART II
RESPONSE TENSORS AND 
VACUUM POLARIZATION TENSORS
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CHAPTER FOUR
PROPERTIES OF THE TENSORS AND THE 
FIELD-FREE TENSORS
4.1 Definition of the tensors
In this thesis the response of a medium to an electromagnetic 
disturbance is assumed to be expanded in powers of the 4-potential of 
the disturbance, with the linear response being described by the 
linear response tensor (which is related to the dielectric tensor by 
(1.3-1)) and with a hierarchy of tensors describing the nonlinear 
responses [Melrose 1978, §§10.3, 13.4]. The expansion is assumed to 
converge, and when this assumption is justified one is said to be in 
the regime of weak turbulence. The turbulence is said to be strong 
when the expansion does not converge. The lowest order nonlinear 
response is called the quadratic response, the next highest nonlinear 
response is called the cubic response, and so on. The total response 
may be written in the manifestly covariant and gauge invariant form
F«o
where
2
n=l J
dX(n) ay . (k,k\...,k(n)) A ‘(k’)...A n (k(n)) ,
1 n (4.1-1)
dX (n) := (2tt) 4 6<4) (k -k' - . . . - k (n)) (4.1-2)(2tt) 4 (2tt) 4
denotes the n-fold convolution integral and where the response tensors
satisfy
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yv1.. .v yv ...v
k a  = k ’ a n = ... = 0 . (4.1-3)y Vj
The conditions (4.1-3) ensure that (4.1-1) satisfies the equation of 
charge continuity
k / ( t )  = 0 , (4.1-4)
and that (4.1-1) is independent of an arbitrary gauge transformation
A^(k) + A^Ck) - ik^X(k) , (4.1-5)
where X is an arbitrary function of its argument.
The 3-tensor component of the 4-tensor ot^ ... (k,kT,.
1 n
is defined by
a (k,k\...,k(n))
J i * *'Jn
,k(n))
ayv (k,k',...,k(n))l
i ’ ' * n p=i,vi=ji>...,vn=jn
(4.1-6)
The 4-tensor may be constructed from the 3-tensor by using the 
relations (4.1-3) [Melrose 1973]. For the linear response tensor, for 
example, one has
cr (k) = v
“ij( k ) for y = i, »  =  j ,
ksais(k)
CO
for y = i, v  = o ,
k a . (k) r rq
(0
for y = o, v  =  j ,
k k a (k) r s rs
. .2 for y =  o, v  =  0 , (4.1-7)
where 3-notation is used on the right hand side.
The polarization tensors for the vacuum were written down in §1.2
in terms of the electron propagator and the generalization of these 
tensors to include the response of an ambient plasma was given in §1.3.
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These tensors are calculated explicitly in the field-free limit in 
this chapter and in the presence of specific ambient fields in chapter 
5. These calculations form the basis of the treatment of vacuum 
polarization effects presented in part III.
4.2 Properties of the tensors
The response tensors introduced in §4.1 have certain reality, 
symmetry and causality properties.
4.2.1 Reality
Equation (4.1-1) is the Fourier transform of a real equation and 
each tensor therefore satisfies a reality condition
y v ... v , s
a 1 n (k,k’,...,k n )
yv ...v , .
[a 1 n(-k,-k\...,-k(n))J
(4.2-1)
where * denotes complex conjugation.
4.2.2 Symmetry
One obvious symmetry relation for the nonlinear response tensors 
arises because the dummy indices V1,...,V and associated arguments in 
(4.1-1) may be freely permuted. Consequently, the only physically 
meaningful part of each tensor satisfies
W i
a
y(v .. .v ) , v
a 1 n (k,k',...,k(n)) (4.2-2)
where brackets ( ) around n indices indicate that 1/n! times the sum 
of all tensors obtained by permutation of the indices and associated 
arguments is to be taken. Specifically, for n = 2  equation (4.2-2) 
reads
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tyVp(k,k\k") = ^[ayVp(k,k\k") + aypV(k,k",k’)] . (4.2-3)
The symmetry properties of the linear response tensor are given 
by the Onsager relations [Onsager 1931 a,b] which are related to time- 
reversal invariance. The linear response tensor may be separated into 
a hermitian (h) part, which describes the time-reversible (non- 
dissipative) part of the response, and an anti-hermitian (a) part, 
which describes the time-irreversible (dissipative) part of the 
response, that is,
ayV(k) yv(h)va (k) + apV(a)(k) (4.2-4)
with
and
ayv(h)(k) ;= %{a^v(k) + [avy(k)]*} (4.2-5a)
ayv(a)(k) := i.{a^v(k) _ [aVy(k) ]*} . (4.2-5b)
By definition, the hermitian and anti-hermitian parts of the response 
must be even and odd functions, respectively, under time reversal. In 
the presence of an ambient magnetic field time reversal corresponds to 
reversing the sense of B as well as the sense of t. Only then does 
the equation of motion of a particle in an ambient magnetic field 
transform into itself. Consequently, the time-reversal-invariance 
condition relates aP^ to itself with the signs of w and B reversed. 
Specifically, time-reversal-invariance implies
and
ayV(h)(w,k;B) = ayV(h)(-w,k;-B) (4.2-6a)
ctyV(a) (w,k;B) = - ayV(a)(-w,k;-B) , (4.2-6b)
where the dependence on the ambient field has been indicated 
explicitly. It is conventional to use the reality condition (4.2-1) to 
rewrite (4.2-6a,b) as the single identity
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ay V (w,k;B) = aVT1(w,-k;-B) . (4.2-7)
Relations like (4.2-7) which are implied by time-reversal invariance 
are called Onsager relations.
For a collisionless plasma and for the vacuum the nonlinear 
response tensors include resonant and non-resonant parts, which are 
analogous to the anti-hermitian and hermitian parts, respectively, of 
the linear response tensor. The Onsager reciprocal relations 
generalize into two sets of relations for the nonlinear response 
tensors [Melrose 1972]. These sets are called time-reversal- 
invariance relations and crossing symmetries. For the non-resonant 
part of the nonlinear response tensor, these sets of relations may be 
written as
(co,k;(jOT
n
,k’
and
(-)n+1 (-ü),k;-U)'
n
,k’
a (k,kf,k"
VihV2
a
. ,k(n) ;-B) (4.2-8)
n (-k\-k,k",...,k(n)) ,
(4.2-9)
respectively. The time-reversal-invariance condition for the 4-tensor 
y V i“ *Vn (n)a (k,k’,...,kv ') may be obtained from the 3-tensor relation
(4.2-8) by using the relations (4.1-3). The basic crossing symmetry 
(4.2-9) underlies the crossing symmetries of the probabilities which 
describe the various nonlinear processes.
The vacuum polarization tensors defined in §1.2 and the response 
tensors defined in §1.3 satisfy the symmetry relation (4.2-2) by 
construction and they satisfy the crossing symmetry (4.2-9) due to the 
invariance of the trace under cyclic permutations of the matrices.
Explicit calculation of the tensors is required to show that they 
satisfy the time-reversal-invariance relations.
4.2.3 Causality
The causality requirement is that no effect precedes its cause.
In view of (4.2-2), all time-orderings of the disturbances are already 
included in the response tensors. Consequently, the causality 
requirement may be imposed by requiring that the response tensors 
satisfy the condition
yv ...v , . . N yv ...v , .
a 1 n (x,x',...,x n ) = 0( t-t  m ) a 1 n (x,x',...,x n )
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(4.2-10)
for m  = 1,2,... ,n.
The Fourier transform of the unit step function 9(t) is
0(w,k) :: (w + iO) (2tt) 3 S(3) (k) . (4.2-11)
Hence, using the convolution formula (1.1-11), the causality condition 
(4.2-10) may be written in momentum space as
yv ...V . .
a n(k,k\...,k(n)) = a. däj(n,)
((0(m) - w (m) +  iO)
for m=l,2,...,n, where
yv V
X a n(k,k\ ... ,k m ,
k(m) := (5(m),k(m))
.,k(n))
(4.2-12)
(4.2-13)
and k is the sum of the other n arguments of the tensor. The Plemelj 
formula (2.3-2) may be used to rewrite (4.2-12) in the form
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|JV .. .v
a n (k,k dca
(m)
(W(m) - 0>(m))
yv v , . , v
x a n (k,kT, ...,k m ,...,k n )
(4.2-14)
for m =1,2,...,n. An integral relation such as (4.2-14) which relates 
the same quantity in different ranges of physical interest is called a 
dispersion relation.
For the linear response tensor the dispersion relation (4.2-14) 
may be separated into hermitian and anti-hermitian parts. This gives 
a form of the Kramers-Krönig dispersion relation [Krönig 1926;
Kramers 1927; Toll 1952], viz.
auv(h>a>(M,k) = i e
which is an integral relation between the hermitian and anti-hermitian 
parts of the tensor.
The Kramers-Krönig dispersion relation is generalized in §4.7 to 
satisfy the requirement that the effect be in the forward light cone 
from the cause. This requirement is a consequence of the special 
theory of relativity. The dispersion relation (4.2-14) may also be 
generalized in this manner.
( /.\ —  i , \ \
ayv(a,h)(_^ k) (4.2-15)
4.3 The field-free linear vacuum 
polarization tensor
The field-free linear vacuum polarization tensor (to lowest order 
in the radiation field) is given by (1.2-2) with (3.2-12), that is,
ayV(k) = - ie2 Sp f - A - ---- I--(k +.?) V(l< - K + m)-----_ (4.3-1)
(2^) (p2 _ m2 -f. ^ o) [ (p - k) 2 - m2 + iO]
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The integral in (4.3-1) is quadratically divergent and gauge dependent 
and must be renormalized (cf. §1.2). The method of renormalization 
used here is based on the work of Källen [1952] and Euwema and Wheeler 
[1956]. This method involves calculating the anti-hermitian part of 
the tensor (which is finite and gauge invariant) and using the 
(double-subtraction) Kramers-Krönig dispersion relation to derive the 
(renormalized) hermitian part of the tensor from the anti-hermitian 
part. An alternative method of renormalization is discussed in §5.1.
The anti-hermitian and the renormalized hermitian parts of 
(4.3-1) must be gauge invariant. Since (g^ - k^k^/k2) is the only 
gauge invariant tensor which can be constructed from k^1 and g^V it 
must be possible to write
(4.3-2a)
and
yv ( h ) xreg a (k) =: reg a(h) (k) ^k (4.3-2b)
where (k) and reg a^^(k) are functions only of the Lorentz
invariant k2. In view of (4.3-2a,b), to calculate reg a^(k) it is 
sufficient to calculate a^a\k) and reg (k) .
4.3.1 The anti-hermitian part
Since a^(k) is a symmetric tensor, its anti-hermitian part is
equal to i times its imaginary part; that is,
(4.3-3)
The imaginary part of a^(k) may be obtained from (4.3-1) by 
evaluating the discontinuity of the function a^V (k) at the cut in the 
complex plane of k , or, equivalently, on the real axis in the ü)-plane.
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The real part of ay V (k) is continuous at the cut and the discontinuity 
is given by
AayV(k) := lim [ayV(w + iS,k) - ayV(a) - i<5,k) ]
6-H-O ~
= 2i(sgn uS) Im ayV(k) , (4.3-4)
sgn := to/ I to I (4.3-4’)
where
is invariant under proper Lorentz transformations.
From (4.3-1), after evaluating the trace using (A-2), one obtains
a(k) := I ayy (k) 8ie”
d p dp
(277) 3 j-°° 2rr
(2m2 - p 2 4- pk)
[(p0)2 - £ 2 + iO][(p°-üJ)2 - e ’2 +iO]
, (4.3-5)
where
(m2 + IpI 2) 2 and £' := (m2 + Ip - kI2) 2 . (4.3-6)
The integrand in (4.3-5) has poles at four values of p° (when the p°- 
integration is performed first), viz.
(a) p = £ - iO (a ’ ) p = -£ + iO
(b) p° = w - e ' + i O  (b’) p° = w + e ' - i O ,
and (4.3-5) may be written in the form
ot(k) 8ie'
d 3p
( 2tt) 3 Jc
(2m2 - p 2 + pk)
[(p0)2 - e2 ] [(p° - w ) z - £ ’ z ]» 2
(4.3-7)
where the integration contour C is given by figure 4-1.
b'
Figure 4-1: The integration contour C in the complex p°-plane.
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The integration contour C is trapped between a and b for 
0) = £ + £ f >0 and between a ' and b ' for 0) = -£ - £’ <0. Hence, the 
discontinuity (4.3-4) is non-zero only if the condition 
M  = £ + £' >  2m is satisfied somewhere in the region of integration 
over d p .  To determine the discontinuity the contour C is replaced by 
C ’, which passes beneath a for 03 > 0 and above a' for 03 < 0 and a small 
circle C" centred on a or a ’ is added (see figure 4-2).
Figure 4-2: The integration contours C T and C" in the
complex p°-plane for 03 >0.
The contour C ’ can always be moved away from the poles without any 
difficulty and the integration along it does not contribute to the 
discontinuity (4.3-4). The required discontinuity is given by 
calculating the residue at the pole a or a ' . This calculation may be 
made by making the substitution
1
[(p°)2 - £2]
-  - 2TTi 6[(p0)2 - £2] [ 0 (p0) 0 ( M ) - 0 ( - p O) 0(-<P)]
(4.3-8)
in (4.3-7). One obtains
Aa(k) 8ie‘ (-2TTi) lim
d p  r°° , od£_ (2m2 - p 2 4- pk) 6[(pu)z - £ z ]0 \ 2 _2
" e-^0 J (2 tt)
X [0(p °) 6(U) -0(-p°) 0(-U5)]
2TT
(pu — to) 2 — £ 1 2 + iesgn(a) - p u)
(p° - 03) 2 - £' 2 - iesgn(a) — p 0) J
(4.3-9)
The limit in (4.3-9) may be calculated explicitly by applying the
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Plemelj formula (2.3-2).
The anti-hermitian part of ot(k) may be obtained from (4.3-9) by 
using (4.3-4). This gives
(k) = y  (sgn 0)) (m2 + ^ k2) [ d4p 6(p2 - m 2) 6(k2 - 2pk) .3ttz J
(4.3-10)
The p°-integral in (4.3-10) is trivial and, by introducing a 
cylindrical coordinate system with z-axis along k, one may write
(4.3-11)
and the p^-integral may be done using (1.1-13). The pj^-integral is 
then straightforward and one obtains finally
2 )h
a (a)(k) (sgn W) (m2+^k2)
(a) /i 2
1 - — 5- 0 (k - 4m )
: » ^ ' ( k O  (sgn w) 0(k2 -4m2) . (4.3-12)
The result (4.3-12) differs from that obtained by applying the 
Plemelj formula to both denominators in the integrand of (4.3-1).
Such an application of the Plemelj formula is incorrect since it does 
not correctly specify the path of integration around the poles of 
(4.3-1) [Tsytovich 1961].
4.3.2 The hermitian part
The hermitian part of a(k) may be obtained from (4.3-12) by using
(h }the dispersion relation (4.2-15); that is, (k) is the real part
of
a(k) i7T 4m2 (6 - k2 - iO)
(4.3-13)
The integral in (4.3-13) is divergent and must therefore be
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renormalized. A convenient method of renormalization involves 
applying the dispersion relation to a(k)/(k2)2 rather than to a(k) 
[Källen 1952, 1972 §29]. This leads to the dispersion relation
reg a(k) i  (k2)2IT
dC a 0( a ) ( O
J4m2 (C - k 2 - iO)
(4.3-14)
The significance of the change to a(k)/(k2)2 is clear if one rewrites 
(4.3-14) using
(k2)2 1 _ 1_______ 1 _ k^ _
C2 (C-k2 -i0) (C - k2 - iO)  ^ ^
(4.3-15)
By comparison with (4.3-13) one obtains
reg a(k) a(k) - a(0) - k 2 dot(k) (4.3-16)
Bogoliubov and Shirkov [1959, §31] have shown that a(k) may be 
renormalized by subtracting from it the first two terms in its 
Maclaurin series expansion, as in (4.3-16). The dispersion relation 
(4.3-14) is therefore called a "double-subtraction" dispersion 
relation.
The integral in (4.3-14) with (k) given by (4.3-12) is finite 
and may be done by elementary methods. This leads to
reg a(k) e2k 2 rl ~2 tt* dz z(l - z) In 1 -
k2z (1 - z)^ . (4.3-17)
Performing the integral in (4.3-17) gives
reg ot(k)
2. 2 ( e k
4 tt2
(1-6 cot6) (4m + 2 k z) 1
ZTi 9 (4.3-18)
where 6 is defined by
sin20 := — (4.3-19)
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For I k2 I << 4m2 the leading term in (4.3-18) is
reg a(k)
2 \ 2e2(k2)
607T2m2m 2
(4.3-20)
The lowest order radiative correction to the Coulomb potential 
(due to the polarization of the vacuum around a point charge) may be 
derived from reg a^V (k) [see e.g. Lifshitz and Pitaevskii 1974, §111]. 
This leads to the result (1.2-1) for the modified potential for a 
point charge.
4.4 The field-free linear response tensor
The field-free linear response tensor for a collisionless 
electron-positron plasma is given by (1.2-2) with the electron 
propagator identified as the averaged propagator (3.5-5). The 
hermitian part of the resulting tensor is [Tsytovich 1961]
aVV(h)(k)
where
- e2 2
d 3p [en ( p ) - e ’n (p - k) + HU ’ - e) ]
(2tt) (a) - ee + e 'e ’ ) ayV(p,k) , 
(4.4-1)
ayV(p k) •= SP ^ y (^C + m) yV [(^~K)C +m]}
~ ~  * 4eeleeT
{(p£)Vi[(p-k)e ']V + [(p-k)£ ']P (pe)V + gPV [n.2 + p.(p-k) -££'££']
e e ’ee’
(4.4-2)
For n + = n” =0, (4.4-1) reduces to the unrenormalized hermitian part of 
the linear vacuum polarization tensor.
The anti-hermitian part of the field-free linear response tensor 
may be obtained from (4.4-1) by applying the dispersion relation 
(4.2-15). Due to the identity
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I <P _^ _<PTT J (x - to) dy <Ky)[f(y) - x] TT dy 4>(y) 5[f (y) - w] ,
(4.4-3)
this prescription is equivalent to replacing to in (4.4-1) by to + iO and 
retaining only the resulting semi-residues.
4.5 The field-free quadratic response tensor
The field-free quadratic vacuum polarization tensor is 
identically zero due to the charge-conjugation invariance of quantum 
electrodynamics [Furry 1937]. The unsymmetrized field-free quadratic 
response tensor for a collisionless electron-positron plasma is given 
by (1.2-4) with the electron propagator identified as the averaged 
propagator (3.5-5). The non-resonant part of the resulting tensor is 
[Blarney 1972, Melrose 1974]
alIVp(k,k\k") = 2 <P1  ^ I Me ,e >£
d 3p
(2tt)
a^ VP(p,k,k')
e [1 - 2n (p) ]
(to - ee + e ’e') (of -eC + ene")
e ' [1 - 2n (p - k) ]
+ (to-ee + e’e'Kto-to’ + e’e' - e"e")
with
e" [1 - 2n€ (p-k')] 1
(w’ - ee + e"e") (to - to’ +eTe’ - e"e") ' ’ (4.5-1)
yvp , , , n  Sp{yM(j$ +m) y [ ( ^ - K' )  +m] y p[ ( ^- K)  + m]}
ai ~ ' * 8ee’eM££!e" (4.5-2)
and with e" := (m2 + | p - k ’|2)^. The trace in (4.5-2) may be evaluated 
using (A-2).
The symmetrized field-free quadratic response tensor may be 
obtained from (4.5-1) by using (1.2-3) and (1.2-5). The symmetrized
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tensor is found to vanish for an electron gas whose quantum numbers 
are those of the vacuum (i.e. for n +(p) = n (-p)) as well as for the 
vacuum itself. This is an obvious generalization of Furry’s theorem.
4.6 The field-free cubic response tensor
The unsymmetrized field-free cubic response tensor for a 
collisionless electron-positron plasma is given by (1.2-7) with the 
electron propagator identified as the averaged propagator (3.5-5). 
The non-resonant part of the resulting tensor is
apvpC(k,k' ,k",k"') e2 2e h 
e",e'
(2tt)
apVpa(p)k,k',k")
j e[1 - 2n£(p)]
X ! > '  - £ £ + £ " e " ) ( u '  +Ü)” - £ £ + £ " ' e ' " ) ( t O - £ e  + £ , £ ' )
£'[1- 2ne'(£ - k)]
(w -  ec + € ’ e*) (a) -  oo’ + e ' e '  -  e"c")(w -  ad -  a)" + e ’ e ’ -  e"' e'n)
e"[l-2ne (£ - k’ ) ]
~ (ad - € e  + c,,e,,)(u" -  e"e" + e'" em) (u -  of + e , e '  -  eMe")
em [1- 2n£,"(£-k’ -k")] 'j
+ (ad +wn - e £  + e,ME,,,)(w" -  e"e" + em e”') (a) -  ad - w ” 4-c’ c ’ - e " ' ^ " ) /  ’
(4.6-1)
with
yvpa
ai (p,k,k?,k")
Sp(yy (^6 +m) yV [ (^  £" +m] -YP[(^-K’ -Kn)£m + m] Ya [(^-K)£t +m]}
löee’e'V’cc’ e"e'"
(4.6-2)
and with e'" : = (m2 + |p-k’ -k"|2)2. The trace in (4.6-2) may be 
evaluated using (A-2) and (4.6-1) may be symmetrized using (1.2-6).
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For n = n =0, the symmetrized tensor reduces to the non-resonant 
part of the cubic vacuum polarization tensor. Although the 
symmetrized vacuum tensor is finite [Dyson 1949] it is not gauge 
invariant and must be renormalized. The claim by Jauch and Rohrlich 
[1976, p.290] that since the symmetrized tensor is finite it must be 
gauge invariant is incorrect [Lifshitz and Pitaevskii 1974, §124;
Khare 1977]. The renormalized cubic vacuum polarization tensor is 
given by
reg ayVpa(k,k\k",k"') apVp0(k,k' ,k",k"')-apvp°(0,0,0,0) . (4.6-3)
Explicit calculation shows that
apVp0(0,0,0,0) 2 4 tt
, yv pa yp va , uo  vp.
T (g 8 "g g +g g ) • (4.6-4)
The renormalized cubic vacuum polarization tensor may be used to give 
a quantitative treatment of photon-photon scattering, Debriick 
scattering and photon splitting due to the non-uniform field of a 
nucleus [Karplus and Neuman 1951].
4.7 Generalized Kramers-Krönig relation 
for spatially dispersive media
For spatially dispersive media (when the response depends on k as 
well as on w) causality and special relativity lead to the requirement 
that the response be non-zero only inside the forward light cone. The 
associated restriction on the properties of the response function will 
be called the generalized dispersion relation. In this section, an 
error is pointed out in discussions of the generalized dispersion 
relation by Leontovich [1961] and Silin and Rukhadze [1961, Appendix]. 
In addition, the field-free linear vacuum polarization tensor is 
explicitly shown to satisfy the generalized dispersion relation. The
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work presented in this section has been published in Melrose and 
Stoneham [1977a].
4.7.1 The generalized dispersion relation
For the linear response tensor, the causality requirement 
(4.2-10) may be written as
ayV(i,0 = 9(t) ayV(T,0 (4.7-1)
where
T := t - t’ and £ := ir-:r’ . (4.7-2)
On Fourier transforming, (4.7-1) leads to the usual Kramers-Krönig 
dispersion relation (4.2-15). Special relativity requires that the 
response tensor vanish for x and £ outside the forward light cone.
This condition may be expressed by
a?v(T,g - e(t-e.p auv(T,p , (4.7-3)
where J3 is any vector for which the surface T = J3. lies entirely 
within the space-like region, that is, outside both the forward and 
backward light cones. When all such surfaces with 32 ^  1 are taken 
into account, the unit step function in (4.7-3) excludes all space- 
time except the forward light cone, as required.
The Fourier transform of 0(x-3*£) is
X ( u , k )  : =  (: +i,0) (2tt) 3 6(3>(k-coj3) , (4.7-4)
and the Fourier transform of (4.7-3) is therefore given by
f°° -ayV(oj,k) = ~ ~  -------  ayV(öö,k +J3(öü - go)) . (4.7-5)
•Loo (co — CO +  iO)
After separating (4.7-5) into hermitian and anti-hermitian parts and
using the Plemelj formula (2.3-2), one obtains the generalized 
dispersion relation
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yv(h,a) , , .a (w,k) i <P7T
r y --d— —  ahV(a,h) (W k + 3(uj - (jj) ) .
( ü j - üj) ~  ~
(4.7-6a,b)
Equation (4.7-6a,b) implies two relations between the dissipative and 
non-dissipative parts of the response tensor, but these relations are 
not independent due to the skew symmetry of the Hilbert transform.
The usual Kramers-Krönig dispersion relation (4.2-15) follows from 
(4.7-6a,b) by choosing 3=0. The dispersion relation (4.2-14) for the 
nonlinear response tensors generalizes in a way analogous to the above 
generalization for the linear response tensor.
A result similar to (4.7-6a,b) was first obtained by Leontovich
[1961]. He assumed 3 parallel to k and this restriction was relaxed
by Silin and Rukhadze [1961, Appendix]. All these authors applied a
Lorentz transformation to the usual Kramers-Krönig formula to obtain
their results. However, they assumed incorrectly that a quantity
effectively equal to ot^(k)/w [Leontovich] or ot^(k)/w2 [Silin and
Rukhadze] transforms as a 4-tensor. Melrose [1973] has shown that
yvOt (k) itself transforms as a 4-tensor.
4.7.2 Application to the field-free
linear vacuum polarization tensor
The anti-hermitian part of the field-free linear vacuum 
polarization tensor is given by (4.3-2a) with (4.3-12). A direct 
application of the generalized dispersion relation to find the 
hermitian part of the tensor leads to a divergent integral, but after 
a double subtraction the renormalized hermitian part of the tensor is 
obtained (cf. §4.3). Since both the anti-hermitian part and the
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r e n o r m a l i z e d  h e r m i t i a n  p a r t  of  t h e  t e n s o r  a r e  p r o p o r t i o n a l  t o
-  k^kV/ k 2 ) i t  i s  s u f f i c i e n t  t o  ap p ly  t h e  d i s p e r s i o n  r e l a t i o n  t o  
t h e  s c a l a r  f u n c t i o n  a ( k ) / ( k 2) 2 .
From ( 4 . 1 3 - 1 2 ) ,  one h a s
a  ^  (k) /  ( k 2) 2 = ( sgn  w) F ( k 2 ) 0 ( k 2 - 4 m 2) , ( 4 . 7 - 7 )
where
F ( k 2) := a„( a ) (k2 ) / ( k 2) 2 ( 4 . 7 - 8 )
i s  a f u n c t i o n  of  i t s  a rgum e n t .  S u b s t i t u t i n g  ( 4 . 7 - 7 )  i n t o  ( 4 . 7-6a)  
g i v e s
r e g [ a ( h ) ( k ) / ( k 2) 2 ] = ±  P  f  dä> (f (Am2 +BÖ1 + C) 9 (Aid2 + Bä) + C -  4m2)
17 J .  I  ( w - w )
F(A(j02 - B o) + C) 9 (A(joz -  Boa + C - 4 m z )
( u )  + ( j ü )
- 2
, ( 4 . 7 - 9 )
w i t h
A := (1 -  32) , B := 2 ( 320) - k . £ ) ,  C := -  (k  -  cog)2 . (4.  7 -10)
For  an a r b i t r a r y  p < 1 ,  t h e  u n i t  s t e p  f u n c t i o n s  i n  ( 4 . 7 - 9 )  imply
r e g [ a (h )  ( k ) / ( k 2 ) 2 ] = -  <P f [ — — F (Ao32 + Boj +  C)
77 (a) -  ca)
d^ = -  F (Aöü2 -  Bä) +  C)
w i t h
±  '
( a ) +03)
{±B + [B2 +4A(4m2 -  C ) ] ^ }  
2A
( 4 . 7 - 1 1 )
( 4 . 7 - 1 2 )
S e t t i n g  £ := Ao)2 +Bo) + C and  4 := Ao)2 - B 03 + C i n  t h e  f i r s t  and second  
i n t e g r a l ,  r e s p e c t i v e l y ,  of  ( 4 . 7 - 1 1 )  g i v e s
f ° °
r e g [ a ( h ) ( k ) / ( k 2 ) 2 ] = -  ±  <P ----- ^ ----- F ( ? )  . ( 4 . 7 - 1 3 )
* J4m2 ( ? - k 2)
For  t h e  s p e c i a l  c a s e  (32 = 1 ,  e q u a t i o n  ( 4 . 7 - 9 )  becomes
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reg[a^h ^(k)/(k2)2 ] A (P ( [f CB'üo + Q  0(13*0) +C - 4m2)
71 J0 l (ü)-Ü)
2 N 'lF (—B 1OJ +C) 9(-B'üj + C - 4m )
( < jl) +  Ö Ö )
with
B ’ := 2(w-k.£) .
(4.7-14)
(4.7-15)
For ü)>k.J3 (w < k.ß may be shown to give the same result), the unit 
step functions in (4.7-14) imply
reg[a(h)(k)/(k2)2] = i <P
with
43 0 (U) 0))
—  F(B'w + C) , (4.7-16)
(4m2 - C)
B ’ (4.7-17)
A change of integration variable to £ := B ’oa + C allows (4.7-16) to be 
written in the form (4.7-13).
It has therefore been shown that (4.7-9) reduces to (4.7-13) for 
arbitrary ß2 ^  1. Expression (4.7-13) is independent of £  and the 
integral may be done by elementary methods (cf. §4.3). The field-free 
linear vacuum polarization tensor therefore satisfies the generalized 
dispersion relation for ß an arbitrary vector of magnitude less than 
or equal to unity.
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CHAPTER FIVE
THE TENSORS IN A STATIC UNIFORM 
ELECTROMAGNETIC FIELD
5.1 Renormalization of the tensors 
in an ambient field
The presence of a static uniform electromagnetic field does not 
introduce any additional divergent terms into the vacuum polarization 
tensors and consequently the divergences may be removed by subtracting 
from the tensors the field-free limit of the tensors. The 
renormalized form of the vacuum polarization tensors may then be found 
by adding to the results the expressions for the renormalized field- 
free tensors. This procedure gives
yvj.. .V
reg a n (k,k\...,k(n);F)
UV v
a n (k,k\...,k(n);F)
, , yv v . .n„ , , , (n) -v . „ 1 n„ . , n (n)yv1...V- a “ (k,k* , . . . ,kv‘1';0) + reg a (k,k',.. . ,k ;0) ,
(5.1-1)
where the dependence of the tensors on the ambient field F has been 
indicated explicitly.
Only the linear and cubic vacuum polarization tensors need to be 
renormalized. The field-free linear vacuum polarization tensor is 
divergent and does not satisfy the requirements (4.1-3) of gauge 
invariance and charge continuity (cf. §4.3) and the field-free cubic 
vacuum polarization tensor does not satisfy (4.1-3) (cf. §4.6). The 
unrenormalized and renormalized field-free quadratic vacuum
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polarization tensors are both identically zero and the field-free 
tensors of order higher than the cubic tensor do not need to be 
renormalized [Lifshitz and Pitaevskii 1974, §109].
5.1.1 The tensor structure of reg a^V (k)
The result (5.1-1) is neither manifestly convergent nor 
manifestly gauge invariant. To obtain an explicitly convergent and 
gauge-invariant result for the renormalized linear vacuum polarization 
tensor it is convenient to consider the tensor structure of reg a^V(k). 
It must be possible to write
reg ayV(k) = ^  Y ± f^V , (5.1-2)
i
where the sum is over all fV^ which can be constructed from k^ and F^Vl
yVusing g and the permutation tensor
£yvpa
+1 for y,V,p,a an even permutation of 0,1,2,3 ;
-1 for y,V,p}ü an odd permutation of 0,1,2,3 ;
0 otherwise . ,c .
The F^ in (5.1-2) can be functions only of the four available 
independent Lorentz invariants, which may be chosen as
S = 
where
i G T- %F F
k 2, kF2k := kaFÖTFTÄk X >
*I(E2 - B 2), P = - % F°TF+t = E.B, (5.1-4)
(5.1-5)
yvSince reg a (k) is a 4-tensor of second rank, sixteen linearly 
yvindependent tensors f^ may be constructed. Due to the symmetry of 
the linear vacuum polarization tensor, out of these sixteen tensors
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only the ten symmetric ones contribute to the decomposition (5.1-2).
When the condition (4.1-3) is taken into account only six independent
tensors remain in the sum (5.1-2). Two of these tensors contain odd
yvpowers of the Maxwell tensor F . Since quantum electrodynamics in a
charge-conjugation-invariant theory [Furry 1937] and the invariants
yv(5.1-4) are all even functions of F , only tensors which are even
yvfunctions of F may contribute to the sum (5.1-2). The renormalized 
linear vacuum polarization tensor in a static uniform electromagnetic 
field may therefore be written as
yv . .reg a (k) _ yv2 F. f. ,
1=0 1 1
(5.1-6)
yvwhere f is a set of linearly-independent symmetric 4-tensors of the
yvsecond rank which are even functions of F and which satisfy (4.1-3). 
One choice of tensors is [Batalin and Shabad 1971]
y vyv yv k k
fo := § " T ^ ~  >
.yv
.yv
ya, vX,
- F kaF kA>
' ya k V XTT T? ' PV kpkv
S k2
r  -x raX p 8 k2
uv ya, vX px, yX px, vc, f := F k F F, F k +F F-. F k F k^ , a Xp x Xp x a (5.1-7)
For a wrenchless field one has
ya pv „ yv F F^^F = 2S F ap (5.1-8)
and f ^  in (5.1-7) is a linear function of f^V and can no longer 
appear in the decomposition (5.1-6). Batalin and Shabad [1971] have
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shown that reg ayV(k;F) for a wrenchless field has the following four 
mutually orthogonal eigenvectors:
bhl FyPk.
(k2)FyPFpaka - (kF2k)kU (5.1-9)
Furthermore, gauge invariance implies that the eigenvalue 
corresponding to bP is zero. Thus with
bVi l
(b±)2
(no summation) (5.1-10)
the decomposition (5.1-2) for a wrenchless field may be written as
reg ayV(k) = 2 f , fyV
i=l i i
(5.1-11)
Explicit evaluation shows that
uv 42 fyV 
i=l 1
(5.1-12)
and it is convenient to introduce
U V 3z]iV yv k k v ^yvfo := s - — —  “ 2 fi •k i=l 1
(5.1-13)
and to replace (5.1-11) by
2
reg ayV(k) = 2 G. fyV . (5.1-14)
i=0 1 X
A term corresponding to fyY> (cf. equation (5.1-6)) does not appear in 
this decomposition of reg ay^(k) for a wrenchless field. The 
decomposition (5.1-14) of reg ayV(k) in terms of its eigenvectors has 
been referred to as diagonalization with respect to tensor indices
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[Shabad 1975].
5.1.2 A renormalization procedure
A renormalization procedure which leads to a manifestly
convergent and gauge invariant result is as follows. The in
(5.1-6) and the G^ in (5.1-14) may be found by equating them to the
yv -yvcomponents of the unrenormalized tensor along the f^ and f 
respectively. These components are necessarily gauge invariant. The 
remaining parts of the unrenormalized tensor are gauge-dependent and 
divergent and must be discarded in any renormalization procedure.
Note that a^V (k;0) and reg oi^ V (k;0) both contribute only to F Q and G Q. 
These contributions cancel when use is made of the identity
-  I dß (a2 - 32)2a3 exp -ia + i -
(a2 - ß2) k
4 Oi rn
2 Y
,1
-  2 dz z(1 - z) In 1 - k 2z(1 - z) (5.1-15)
o
Formally the integral on the left hand side of (5.1-15) diverges but 
it may be made convergent by a subtraction of its k = 0  limit. This 
subtraction procedure is a result of charge and field renormalization 
[Schwinger 1951, 1973 §4.3] and is referred to as subtraction of 
"contact terms" [Tsai and Erber 1974, Tsai 1974 a,b].
It is worth emphasizing that the renormalization procedure 
(5.1-1) has not been used explicitly here, and that the essential 
steps are the decompositions (5.1-6) and (5.1-14) of the renormalized 
tensor and the subtraction of contact terms. The decomposition could 
be applied directly to a^(k;F), without the formal intermediate step 
(5.1-1), with the result that a^(k;F) would be renormalized. Thus
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the decompositions (5.1-6) and (5.1-14) and the subtraction of contact 
terms constitute an alternative regularization procedure. In fact if 
this procedure is applied directly to a^V (k;0) the normalized field- 
free linear vacuum polarization tensor (4.3-17) would have been 
derived. This is essentially the method used by Schwinger [1951] to 
renormalize the field-free tensor.
5.2 The linear vacuum polarization tensor 
in an electromagnetic wrench
The unrenormalized linear vacuum polarization tensor in an 
electromagnetic wrench may be obtained from the definition (1.2-8) by 
using the integral representation (3.4-1) of the electron propagator. 
The advantage of the representation (3.4-1) is that then
ayV( x - x ’) - le* Sp YyAF (x-x') YVAf (: -x) (5.2-1)
is manifestly independent of the choice of gauge of the ambient field 
(and manifestly dependent only on x - x ’, rather than on x and x ’ 
independently, as required by translational invariance). Choosing 
x ’ =0 and inserting (3.4-3) gives
PV. Va (x)
with
D^ V(x)
. 2 ie
f 2 'I e BE 2
r°°
dsllöTT J o J
ds' exp[~im2(s+ s *)] D^V (x)
x exp
sin(eBs) sin(eBs *) sinh(eEs) sinh(eEs')
ieB sin [eB(s + s ’) ] (x )j^ ieE sinh[eE(s+ s ’)](x ),
Sp Y [
4sin(eBs) sin(eBs')
m exp(-iEeBs) exp(-E'eEs) +
4sinh(eEs) sinh(eEs’)
(5.2-2)
eB(yx)^ exp(-£’eEs)
eE(yx)I, exp(-iEeBs)'
+ VY
2sin(eBs) 
m exp(-iZeBs’) exp(-E’e£sT)2sinh(eEs)
eB(Yx)^ exp(-E'eEs’) eE(Yx)n exp(-iEeBs’)
2sin(eBs’) 2sinh(eEs’) (5.2-3)
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The Fourier transform of (5.2-2) may be evaluated using (B-5) . 
This gives
yva (k)
n fCO fCO
e BE 
16TT2
? uv
i » exp[-im (s + s')] D (k)
S sin[eB(s + s ') ] sinh[eE(s+ s')]
exp
fi sin(eBs) sin(eBs’)(k2)^ i sinh(eEs) sinh(eEs’)(k2)| 
{ eB sin[eB(s+ s ’)] + eE sinh[eE(s+ s')]
with
(5.2-4)
D^(k) := m 2 Spjy^ exp(-iEeBs) exp(-E’eEs) yV exp(-iEeBs ’) exp(-I’eEs')
sin(eBs) sin(eBs’) t J- 1 _ f y p , , V a ,
' sin2 [eB(s + s ') ] V c  SPV  ^  eXp(’E eEs) Y ^  ^  h
______ sin(eBs') sinh(eEs)_____
sin[eB(s+ s ’)] sinh[eE(s + s1)]
X k pka Sp {y \ P exp(-Z'eEs) Y^ yjj* exp(-iEeBs’)J
______sin(eBs) sinh(eEs')______
sin[eB(s+ s1)] sinh[eE(s + s ') ]
x kpk^ Spjy^Yij5 exp(-iEeBs) yVy^ exp(-E'eEs’)J
sinh(eEs) sinh(eEs') ,11.11 „ f y p . „ s V O  , v tN\
sinh2[eE(s + s')] SP\Y Y" exP (-lEeBs) Y Yl exp(-i2eBs >/
1ieB g f 'l
+ 2sin[eB(sP+as ')] SpV  Yi exp(-E’eEs) y\ °  exp(-Z’eEs') j
ieE g f 'I
+ 2sTnh[eE(sP+s')] SpV Yll> exP(-i^Bs) Y Y|° expC-i^eBs ’) } , (5.2-5)
where use has been made of the fact that the trace of an odd number of 
Dirac matrices vanishes.
The traces in (5.2-5) may be evaluated using (A-2). The 
components of D^V (k) which change sign under the substitution s s ’ 
may be ignored since these components give zero contribution to a^V (k)
when the s and s ’ integrations are performed. After a very tedious
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calculation one then obtains
(k) = 4m2(cos[eB(s + s ')] cosh[eE (s - s ’) ] gjj^
+ cos [eB (s - s ’ ) ] cosh [eE (s + s ’ ) ] gF^}
- is.M s )  sin(eBs') (cosh[eE(s + „ ■) ] [2kV  - (k2), g H  
sin2[eB(s + s ') 3 1 1  1 1
-  cosh[eE(s - s') ] (k2)^ gj^}
[sin(2eBs') sinh(2eEs) + sin(2eBs) sinh(2eEs')] . u, V y V.
sin [eB (s + s ’) ] sinh[eE(s + s ’)] I 1 1 Ir
+ {[1 - cos(2eBs ?)][1 — cosh(2eEs)] + [1 - cosh(2eBs)3[1 - cosh(2eEs')]}
sin[eB(s + s ' ) ] sinh[eE(s + s ')]
pypv(knki+kikii) 
y
I 8I
- cos[eB(s - s') ] (k2),, g|JV}
4sinh(eEs) sinh(eEs') / r , m r o ,li,V ,, 2n yv., 
‘ sinh2"[eE (s + s ') ] W [ e B ( s  + S >][2kllkll ‘ (k >» 8" 1
4ieB cosh[eE(s - s 1)] yv _ 4iE cos[eB(s - s ’)] yv . .
sin[eB(s+ s ')] 8I sinh[eE(s + s ' ) ] 81 ’ (. • )
where the notation
~yo I
Fl aa and
~yer 1 
F1 ao > (5.2-7)
for a an arbitrary 4-vector, has been introduced, with
£12 £21 £.03 Aon /\ UV ^ UVFj_ = _F1 = F| = “F| ~ ”1 > F_l = Fm = 0  otherwise . (5.2-7’)
After changing the integration variables in (5.2-4) to
ot := s+s' and ß := s-s' , (5.2-8)
the integrand is found to be an even function of ß and the ß-integral 
over the range [-a,a] may therefore be replaced by twice the ß- 
integral over [0,a]. One obtains
Ill
ayV(k)
4 r°°e BE
16tt2
exp(-im2g) D^Ck) 
sin(eBa) sinh(eEa)
expS - i [cos (eBa) - cos (eB$) ]_ ^ 2^2eB sin(eBa)
[cos(eEa) -cosh(eEß)] 2 ,\k )I2eE sinh(eEa)
(5.2-9)
with
yvD^v(k) = 4mZ(cos(eBa) cosh(eE3) + cos(eB3) cosh(eEa) gj^}
. 0 [cos(eBa) - cos(eB3)] r , , „ x r 01 R V 2. yv,
sin2(eBa) 1 1  1 1
- cosh(eE3) (k2)^  g ^ }
tan(eß3) tanh(eE3)- 2 cos(eB3) cosh(eE3) 1 -
+ 2
tan(eBa) tanh(eEa)y
[l-cos(eBa) cos(eB3) ] [1 - cosh(eEa) cosh(eE3)] 
sin(eBa) sinh(eEa)
n M u .
(kllkX + kl kl l )
 ^ I ^y^v /sy/sv.+ sin(eB3) sinh(eE3) r (k|| kj^ + k^ky )
_ 2 [cosh(eEa)- cosh(eEB).]_ {cos(eBa) _ fe*) g|p
sinh (eEa)
- cos(eB3) (k2) 11 g|*V } 
4ieB cosh(eE3) yv 4ieE cos(eB3) yv
sin(eBa) g sinh(eEa) (5.2-10)1
5.2.1 The renormalized tensor
The linear vacuum polarization tensor may be renormalized by the 
method outlined in §5.1. For an electromagnetic wrench the 
decomposition (5.1-6) may be rewritten as
yv„ v y, xv *yvreg a M (k) = 2 F. f. ,
i=0 1 1
y^vwhere is the set of linearly independent tensors
(5.2-11)
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-yv . = ?yv 
i * i for i = 0,1,2 ,
y v y v t>ib2 + b 2b1
2(b1b2) (5.2-12)
and the set of tensors (5.1-7) in the renormalization procedure may be 
replaced by the set (5.2-12). From (5.2-9) and (5.2-10), with
one obtains
k =: (k± , 0,k|| ) , (5.2-13)
k 2$
[E2 (a)2 - ky ) + B2k^]
(E2 + B2)2 
[ B 2 (tJ2 — kjj) + E 2kI]
(E2 + B2)2
[B2$1 + E 2$2 + 2EB$3 ] ,
[E2$1 + B 2$2 - 2EB03] ,
with
2EBk‘ [- EB^j +EB$2 - (E2 - B2)$3] ,
(E2 + B2)2
e BE
1 16tt2 . da d3
exp(-im2a) (|). 
sin(eBa) sinh(eEa)
(5.2-14)
v pvn-M [cos(eBa) -cos(eBß)] 2 [cosh(eEa) - cosh(eEß) ]
' 2eB sin(eBa) 2eE sinh(eEa) ' H j
and
(5.2-15)
(j)Q := 2cos(eB3) cosh(eE3) 1 - tan(eB3) tanh(eE3)tan(eBa) tanh(eEa),
*2
*3
4cosh(eEa) ISSP.fe8“). ~ co8(e.BB) 1 + ^  f 
sin (eBa)
4cos(eBa) .U 0-g.h-CeE,a) - cosh(eEe)] _ ^  > 
sinh2(eEa)
_ 2 / [l-cos (eBa) cos(eB3) ] [1 - cosh(eEa) cosh(eE3)] 
[ sin(eBa) sinh(eEa)
+ sin(eB3) sinh(eE3) (5.2-16)
For a purely magnetic field (B) and for a purely electric field
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(E) the of (5.1-14) may be obtained by taking the limits E ->0 and 
B -*0, respectively, of the f . This gives
(B)0 = k 2 lim E-K)
$ , o * c<B) = k? lim E-K) > °,(B>
= (a)2 - kn) lim $2 , 
E-K)
(E)0 = k 2 lim B-K)
$*0 » = (a)2 - kjj) lim <J>2 , B-K)
= k^ lim $ 1 , 
B"K)
(5.2-17)
where the limiting values of the are easily obtained from (5.2-15) 
with (5.2-16). The simplicity of the derivation of (5.2-17) justifies 
the choice (5.2-12) of tensors for the decomposition of the linear 
vacuum polarization tensor in an electromagnetic wrench.
5.2.2 The anti-hermitian part
Since the linear vacuum polarization is symmetric, the anti- 
hermitian part of the tensor is i times the imaginary part. The anti- 
hermitian part of (5.2-9) is found to be finite and gauge invariant 
and does not need to be renormalized. A separation of (k) into
components along the f^V gives
ctyv(a)(k) = ± 2 Im f . fVV , (5.2-18)
i=0 1 1
with related to by (5.2-14) and with
Im l
e4BE
16tt2
#00
da
o
fOL d ) .dg ________11________
sin(eBa) sinh(eEa) o
x sin j-m2a + [cos(eBq) - cos(eBß)] 22eB sin(eBa) J-
[cosh(eEa) -cosh(eEß)] 
2eE sinh(eEa) (5.2-19)
with (p_^ given by (5.2-16).
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5.2.3 A magnetic field
For a purely magnetic ambient field explicit calculation shows 
that the of (5.2-17) are given by
(B) e3B da dß exp/-.1™2«)
IbiT21 J a J sin(eBa) bio o
x expS i [cos(eBa) -cos(eBß)] . 2 , . (a2 - ß2)2eB sin(eBa) k± + i (w2 - kf.)
with
01 2 , nos 1 ß tan(eB3)2k cos(eBß) 1 -------1 a tan(eBa)
(5.2-20)
4k2 ( t.cos(eBa) -cos(eBB)] + % cqs 
1 l sin2(eEa)
1 - 3 tan(eB3)
4(0) - kI,)2, 1(a2 - B2) cos(eBa) - ^ cos (eBß)
a tan(eBa)>
3 tan(eB3)1  - a tan(eBa),
(5.2-21)
The result (5.1-14) with (5.2-20) and (5.2-21) for the renormalized 
linear vacuum polarization tensor in a magnetic field was written down 
by Melrose and Stoneham [1976]. Equivalent results have been obtained 
by Tsai and Erber [1974] using the proper-time technique and by Tsai 
[1974b] using a "momentum" representation of the electron propagator. 
Any advantage of Tsai's method over that of Melrose and Stoneham 
[1976], for example, is due to the compact notation adopted by Tsai. 
This notation has been used in this thesis and comparison with Tsai 
[1974b] shows that, contrary to the claim of Tsai, the "momentum" 
representation has no advantages over the coordinate representation 
used here.
(B]An alternative form of may be obtained by the transformation
a+-ia, ß-*-iß:
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r (B) = e3B ( da fa R exp (-am2) 
i 16tt2 a  J sinh(eBa) Yio o
(5.2-22)
with
Y 0 := 2k2cosh(eBß) 1 - ß tanh(eBß) a tanh(eBa)^ *
Y [cosh(eBa) -cosh(eBß)] 
sinh2(eBa)
+ H. cosh (eBß) 1 -
Y2 := 4 (to2 - k||) — ---~ cosh(eBa) - h  cosh (eBß) 1 -
(5.2-23)
The replacement of the upper limit of a-integration by infinity in 
(5.2-22) is achieved by rotating through tt/2 in the complex a-plane 
and this is possible provided no poles are encountered. A sufficient 
condition for the absence of poles is that photon-induced pair 
production be impossible. The result (5.1-14) with (5.2-22) and 
(5.2-23) was obtained by Shabad [1975].
5.2.3.1 The strong-field limit
In the presence of a strong magnetic field B > > B c> the dominant 
contribution in (5.2-20) gives GgB  ^ and g [B  ^ of order exp(-B/Bc) and
A change of integration variable to r) := ß/a allows the order of 
integration to be reversed. The a-integral is then trivial and the ß-
(5.2-24)
integral follows. One obtains
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exp(-k[/2eB) < 2tt x
For go2 - kjj << 4mz and k^ << 2eB (= 2mzB/B ) (5.2-25) gives
4m2 arctan [ (go2 - k|) 2/ (4m2 - ( ( j o2 - k2|) ) 2]
[4m2 - (oo2 - k m ) ] 2 (go2 - k,| )
- 1> .
(5.2-25)
r(B) Ä
2 12tt 2 B
e B , 2 1 2 \(go2 - kf,) . (5.2-26)
5.3 The linear response tensor
in an ambient magnetic field
The hermitian part of the unrenormalized linear response tensor 
in the presence of an ambient magnetic field may be expressed in the 
form of a summation over the quantum numbers of an electron in a 
magnetic field by using the representation (3.5-7) of the electron 
propagator. The 3-tensor part of the linear response tensor was 
calculated by Svetozarova and Tsytovich [1962] and the details of the 
calculation were given by Melrose [1974, Appendix A]. An extension of 
this calculation shows that the hermitian part of the 4-tensor is 
given by
c ^ v ( h ) (k) e 3B2tt n ,n £ , e 
s , s '
r°° d P7 r dP*if -i f2*6<p;-pz+yJ— on J— no
r t I ([en - £ n
~ £ ) 1 y "
VI
) 1 q q \ i h q ' J
(5.3-1)
where the sums are over n =0,1,2...; n ’ =0,1,2...; s = ± l ,  s' =±1,
e = ±1, €' = ±1, with
£q := £ (Pz ’n ’s) and eq ' := (p^»n * >s *) > (5.3-2)
where c(pz ,n,s) is defined by (3.3-13). With coordinate axes defined
by
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k = (kx ,0,k||) =: ((sgn kx)kj_,0,kj| ) , B = (0,0,B) ,
(5.3-3)
one has (apart from an irrelevant phase factor)
ree
l qq'
€£'r ,(k)I qq ~
(4ee'e e ,)q q
2^
(1 + ss') (sgn kx) |tj" + , n , Tn+s]pzpz Jv +PLP1 Jv JJ
, Tn ,1 Tn+s) . [ , ,n 1 Tn+s
rp V s  + 7 pl V s J  ’ " 1SirPi V s  - 7 pl V s
(sgn kx) . , 1 Tnrp' + ~  p J .( z r zj V
+ (1 ~ ss') i (sgn kx) (pzpl Jv-S ■ pzpi Jv-s
- s r p ---p*z r rz V ’ - -  r Pz JV ’
s(sgn kx) (rpj_ j"_s - i Pj_ Jv-s)] } ’ (5.3-4)
with
V : = n ’ - n ,
e£ + mq
e' e , +mq
h
t := [(ee +m) (e' e , +m) ]'2 ,
p^ := [ (2n + 1 + s) eB]2 , pj^  := [ (2nT +1 + s' ) eB]2,(5.3-5)
J> >  := (*(n+v)! J
2 \>/2 vexp(-%x) x L (x)
t n v n+V , . (-1) J_v (x) , (5.3-6)
where is a generalized Laguerre polynomial in the notation of 
Gradsteyn and Ryzhik [1965]. The argument of the functions J™, etc.,
in (5.3-4) is k^/2eB. The relation (5.3-6) may be used to show that
118
the quantity defined by (5.3-4) satisfies the identity
ran’(k)I qq ~ rG!£(-k) l q q ~
m  *
(5.3-7)
The foregoing expression for (k) corrects that given by
ee
qq TheMelrose [1974] which had the incorrect sign attached to 
sign of k^ is included explicitly in (5.3-4) to facilitate discussion 
of the symmetry properties of the tensor. The anti-hermitian part of 
a^V (k) may be obtained from (5.3-1) by replacing 0) by w + iO and 
retaining only the resulting semi-residues (cf. §4.4). For 
propagation along the magnetic field (i.e. for k^ =0), Svetozarova and 
Tsytovich [1962] calculated the anti-hermitian part corresponding to 
(5.3-1) but they ignored the vacuum terms which are discussed below.
5.3.1 The long-wavelength limit
In the long-wavelength limit (i.e. for kjL = kj| =0) one has 
J™ =6^ q , and (5.3-1) reduces to [Melrose 1974]
a 11^ ^ )  = a22^(oa) e3B2 tt
r  dpz 1ffs fs
2ttOO V n + l £ nj
e ,. - en+1 n
w2 - (e„ L1 - On+1 ny
m2 + p2 ^
i - c cn n+1
+ |fs, +fS n+1 n
e + en+1 n
(jo2 - (e . - + e )n+1 n'
1 +
2 , _ 2 ^ m + pz
p Gn n+1
a I 2 ( h ) (U) - a21 (h) (to) ie3B M fd _ fd,
^  n = o too ^  [I "+ 1  "J “ 2 - ( e n + 1 - e n ) 2
1 -
2 , 2 ^ m + pz
G Gn n+1
+ ifd -fdn+1 nj
f
Ü)2 - (g , + G )n+1
1 +
m2 + p 2^z
e gn n+1
x
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a 3 3 (h) (W)
e
+ fs n
en'
a^V (h)((jo) = 0 otherwise (5.3-8)
with
The vacuum contribution has been omitted in (5.3-8). The result of 
Svetozarova and Tsytovich [1962] for the 12- and 21-components of
electron-positron plasma with the quantum numbers of the vacuum (i.e.
The hermitian part of the unrenormalized linear vacuum 
polarization tensor in the presence of an ambient magnetic field is 
given by the vacuum part of (5.3-1). This expression for the linear 
vacuum polarization tensor may be simplified by manipulating the dummy 
integration variables and performing the sums over c, e \  s and s' 
explicitly. The factor (e' - e) in the vacuum part of (5.3-1) implies 
that the only terms which contribute have e' =-e. Consequently the 
vacuum part of (5.3-1) may be rewritten in the form
a^V (o)) is incorrect since these components must vanish for an
for n + = n ) .q q
5.3.2 The hermitian part of the linear 
vacuum polarization tensor
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ayV(h)(k)
3IJe B Z Z 
n,n' £ 
s, s ’
,oo oo
Fz
TiT 21T 6(P ; - P z + k ll)
£ r£, ,e y re> ,€
V
X l q q  J qq J J(jü - e(e + e .)
q q
(5.3-10)
The dummy summation and integration variables in (5.3-10) (with
(5.3-4)) may be relabelled, specifically p ^ ^ p ^ ,  s ^ s ' ,  n^^n'
(implying V*~*-V), and the orders of integration may be interchanged.
Making the replacements p -p , p ’ -p' and £ +-£ then gives, as anz z z z
alternative to (5.3-10),
yv(h) . or (k) e B 2tt Z Zn , n ’ £ J- ° °
s, s '
2TT
dpz—  2TT 6(p* -Pz + k|,)
with
£f(y,v) f £ -eld r „ £ - £
V *
r , r ’,l  q q  J  L.1 q q  J - (5.3-11)
o h- c (e + £ ,)
q q
f(y,^) ::
l for #sooIIp- ll, 22, 33,
-l for yv = oi, 03, 12, 23,
(5.2-12)
where use has been made of the relation (5.3-6). Half the sum of the 
two forms (5.3-10) and (5.3-11) gives
cT^oc) e 3B z z
n,n’ e J 
s, s 1
dP. IF 21T 6(P;-Pz + kll>
g(y,v)
r  \
re\ € y r£, fe
V *
l qq J I qq J
or - (e + e ,)q q
(5.3-13)
with
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g(y,v)
e + e , q q for yv = 00, 11, 22, 33, 02, 13,
£0) for yv = 01, 03, 12, 23 . (5.3-14)
The sums over e and over s and s' in (5.3-13) may now be 
performed. Introducing the shorthand notations
8' := e ,(p’) = [m2 + (p f) 2 + 2nTeB]^n n z rz
and
a s = n
2 
11
for n ^  1 , 
for n = 0 ,
(5.3-15)
(5.3-16)
and using the relations (C-l) and the identities
f n+1 2 • > n 2 Tn 2 r \-r 0
J-n-lj T[n+lj 9 J-n
zz J"n^ j0n n+1
n Tn+1J _ 1 * -n -n-1
gives
^yv(h) (k)
(5.3-17)
eJB ,°o dp ,00 dp ’ 2it 6(p ’ - p +k||)
with
,yv
n, n' [co2 -  ( g , i  + e ' )2 ] e '
+ 2 dpv , (5.3-18)
n+1 n+1 n+1 n+1 n=0
e^n+l+ E'n+1) (m
-r Tn 2 f n+ll 2~J
{ V J + C
_i C
1
L  O  r .  T 1 1  T n + 12pn+lPn'+l JV JV
11
(£n+l + £n+l) ^ (_m " P-P~ ~ >
n 2 r Tn+1 2“i JV+lJ + T[ v-ljz z n+1 n+1'
. o  T n  T n + 12pn+lPn'+l JV+1 Jv-ll ’
(en+l + En+l) ('m - PX  - W n + d
2 Tn+1 2"l Jv+l + J . l v~lj
„ n n+l\
Pn+lPn ’+l V+l V-1J 5
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(£n+l + eö+l> 1 (-m2 + PzPz - en+lCn+l)
Tn 2 r Tn+r 2"J
l v.
+
1 v  J
0 Tn Tn+1- 2p p , J Jn+1 n +1 v V
(sgn k^ ) 03 Tn Tn+1 , n+1 ,n_£n+lPn+l J ., J + J - J[ v+1 V v-1 v^
03(e p ’ - e ' p ) n+lFz n+lFz; Jn [Jvj
en+lPn’+l 
n+1
Tn Tn 4- Tn+  ^jtt+1j U , - I J vJV v+1 V v-1
'l 2
+ V
21
, 1 3 - (sgn kx)(en+1 + E];+1) Pn'+IPz 
+ Pn+lPz
Tn Tn _L Tn+1 ,n+lV+1 JV Jv-i Jv
J n Jn+1+ J n+1 Tnv+1 Jv +Jv-1 J VJ
j 1 2 23 _d, = d. = 0 , (5.3-19)
and
,11
(e_ + e o'HJ°)2 (m2 +p p'-e s’)n ° n z z n oi ---------------------------t
[ “  -  ( e n + e ; ) 2i e n e ö
,22 2(en+l + £ö)(Jn)2 ('n’2 -PzPz^n+l"«)
[03 - (e +£’) le £’1 v n+1 o' J n+i o
(e + £ ’) (j0)2 (-m2 +p p’ - e e') 3^ 3 _ n Q n _____ zl z no
n [o32 - (e +e’)2]e e*n o no
203 (sgn k ) p J° J° x rn n-1 n
^  - (En + E o')2l£n
,0 3 “ (£nPz ' S Vl --— — ------------
n [032 _ (£ + £ 1)2 ]£ £ 'n o y J n o
,1 3 2p P ? (sgn k  ) (e + e ' )  J° J°  n z & x n o n-1 n
[w2 - (E +Ej)2]E E[
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d°2 = d*2 = d23 = 0 . (5.3-20)
5.3.2.1 The renormalized tensor
The linear vacuum polarization tensor may be renormalized by the
method developed in §5.1. Explicit calculation shows that the real 
(B)parts of the G^ in the expansion (5.1-14), which determines the 
hermitian part of the renormalized tensor, are given by
Re G(B) e B
'°° dp r°° dp *
2 *  2W 6( p z _ p z + k n )
x { I + S
a h. n l
[n,nT [w - (e + £’ )z]£ e’ n=0 [(JO2 -  ( £  + £ ’)2] £ £ ’k * L n+1 n+1 n+1 n+1 n o' n o-
(5.3-21)
with
k n+1 n+1 x
_n Tn+1 n n+1 
Jv+1 V Jv JV-1
4(En+l + E;+l) W n ' +1 J^ 1  Jv-i
- 2k £ ’ px n+1 n+1
(w2 -kjf)
82 = kxk|| 12kH Gn+lPn+l
Jn . Jn+1 _[ v+l V
n+1 . _n Tn+1
V + J > J ,V v-i
- r  \
» p )n+lFz' [ +
.n+1 21
(5.3-22)
k2 (sgn kx) ( j V p 2 ej ,
hi = y
- (^-k„)  ^(sgn kx) ( +  e; + (J»)2
(5.3-23)
The Re G^^ given by (5.3-21) (with (5.3-22) and (5.3-23)) must be
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equivalent to the real part of given by (5.2-20) (with (5.2-21)),
but it is obviously in quite a different form.
Except in the limit k ^ = 0  the renormalized field-free linear 
vacuum polarization tensor is difficult to extract from (5.3-21). For 
k^ = 0 the limit
lim
x-*0
j" (x) Jn+1(x) V+l ' V (n+1) 2^ (6v,0 6v,-l^ (5.3-24)
may be used to give
Re G (B)
21 2 e k
, 3d p
e[aj2 - (e + e')2 ]
(5.3-25)
where £ and £ f are given in (4.3-6). The field-free tensor 
reg (k) = Re G ^ ( g ^ V - k^kV /k2) obtained from (5.3-25) after 
subtracting contact terms and performing the integration is identical
to the k^ = 0 limit of (4.3-2b) with (4.3-18).
5.3.2.2 The long-wavelength limit
In the long-wavelength limit (i.e. for k^ = k|| =0) the limit 
(5.3-24), the limits
lim « 
x->0 l Jv (x)
lim
V 0
p ’e ,, z n+l
+ n+l . . Jv (x) V,0 *
k ll(m + P n+l) 
En+l(pz)
and the identities (C-2) may be applied to (5.3-21) to give 
(B)
(5.3-26)
Re G, e3Büü2
r  dpz 2[l + (m +Pz)/(enen+1)l
2tt n=0 [to2 -  (e + £ ,,)2 ] (£ + £ . , )'n+l n n+l"
Re G (B) 0 ,
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Re G(B) e 3 Bw2
OO #00
2tt _ I 2tt 
n =0 - 00
dP. 2 [ 1 + (m + P z ) / ( E n en+1) ]
^ - (E.  + W  1(En + W
a (m + p 2) n n
(a)2 -  4e2) e* n n
( 5 . 3 - 2 7 )
In t h e  l i m i t  u r  << 4m2 th e  i n t e g r a t i o n  o v e r  i n  ( 5 . 3 - 2 7 )  i s  
s t r a i g h t f o r w a r d  i f  one makes t h e  e x p a n s io n
[ 1 + (m + P 2 ) / ( y n+1) i  
(£n + £ n + l )3
(2e - p _ )  -  5p )n n n n en
e
V n;
+ %(30e 2 -  21p 2 ) n  r n
eß"
e 2
"eB
r 2
n l n J
+ -  U P * ) 2 ( 5 .
T h i s  g i v e s ,  w i t h  L := eB/m2 ,
Re G(B) e 2ü)2L
105 ( 271) z n =0
2  F(nL) , Re GJ(B)
where
Re G
F(x)
(B) e 2w2L
105 ( 2tt) 2 n =0 
35(3  + 4x)
2 [F(nL) -  G ( n L ) ] ,
140 L (1 + x) + 42 L (5 + 4x)
(1 + 2x) ( 1 +  2 x ) 3
112 L 3(3 + 2x) 
( 1 +  2x) 5
( 5 . 3 - 2 9 )
+
(1 + 2 x ) 4
80 L4 (7 + 4 x )  
(1 + 2 x ) 6
35a
G (x) (1 + 2x) ( 5 . 3 - 3 0 )
The sum ove r  n i n  ( 5 . 3 - 2 9 )  may be e x p r e s s e d  a s  an e x p a n s i o n  i n  L by 
u s i n g  E u l e r ' s  summation fo rm u la  ( 2 . 2 - 1 0 ) .  I n  t h i s  way ( 5 . 3 - 2 9 )  w i t h
( 5 . 3 - 3 0 )  becomes
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Re G (B)o
o 9e OJ j (3 + 4x)
3 (2tt) 2 \ (1 + 2x)2
2, ,2t 2 2,.2T 4e 03 L e 0) L
' y90TT2 105TT2
Re G (B) 0 ,
Re G (B)
2 2 e or
3(2ti) (1 + 2x)
+
7 2,\2t 27e (i) L 
180R2
i o 2,.2T 413e (jo L
6 30 ri'
(5.3-31)
where only terms up to L 4 have been retained. Only even powers of the 
magnetic field appear in these expansions, as required by Furry's 
[1937] theorem. The first term in Re G^ is identical to the long- 
wavelength low-frequency limit of (5.3-25). It is identified with the 
long-wavelength low-frequency limit of (4.3-18) and is thus equal to 
e2o)4/60TT2m 2 . The first term of Re G^ resulted from subtracting two 
divergent integrals. It is spurious, as can be seen from the field- 
free limit of (5.3-27), and is to be ignored.
The expansion (5.3-31) agrees with that obtained from (5.2-22) 
with (5.2-23). This establishes the identity of the two forms 
(5.2-20) and (5.3-21) of the renormalized linear vacuum polarization 
tensor in a magnetic field in the long-wavelength low-frequency limit. 
The expression for ^^(u^O) obtained from (5.3-31) using (5.1-14) and 
(1.3-1) agrees with the electric permittivity tensor calculated from 
the phenomenological Lagrangian density of Heisenberg and Euler [1936] 
(cf. §2.5). Keeping the next-order terms in k gives the magnetic 
impermeability tensor. The equivalent dielectric tensor is related to 
the electric permittivity tensor (electric dipole approximation) and 
magnetic impermeability tensor (magnetic dipole approximation) by 
(1.3-4). The magneto-electric terms vanish for a wrenchless field.
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5.3.2.3 The strong-field limit
For low-energy photons (oo2 - k 2|, k^<<4m2) traversing a strong
magnetic field (B >> B ), one hasc
[c (p )]2 = m2(l + 2neB/B ) + p 2 > > £ 2 f o r n ^ O ,n z c *z o *
[en(pp]2 = m2(l+ 2neB/Bc) + (pp2 »  (ej)2 forn^O,
e 'o “ Eo - (pzk||/eo) ' (5.3-32)
The dominant term in (5.3-21) in this limit is therefore the term
containing the factor [go2 - (e + )2 ]~ 1. This gives, using
LV (0) = (n + v) ! / (n! v!) , n
Re G (B) Re G (B) 0 ,
Re G (B) eWkf) r dp2 r dK  .
2 ~ 2TTku j 2* j 2w 5(pz “ pz 1^ >
£ oPz -  GoP:
[w2 - (e0 +ej)2 ]e0ej
(5.3-33)
After performing the p^ and p^ integrals one obtains
Re G ^
12tt:
(W2 - k 2) . (5.3-34)
This result agrees with (5.2-26) and establishes the identity of the 
two forms (5.2-20) and (5.3-21) in the strong-field limit.
5.3.3 The anti-hermitian part of the
linear vacuum polarization tensor
The anti-hermitian part of the linear vacuum polarization tensor 
may be obtained from the hermitian part (5.3-18) with (5.3-19) and 
(5.3-20) by replacing GO by go + iO and retaining only the semi-residues
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resulting from application of the Plemelj formula (cf. §4.4). The 
delta functions obtained by this procedure imply relations of the form
p + p ’
n+1 n+1 (5.3-35)
Equation (5.3-35) has solutions p^ = p^ and Pz = P z> with
pz := % . (5.3-36)
where
(m2 + '’n+P
(u2 -kfj) .
1 ± 2veB
(w2 -k?,) V , n
« T ) 2 -4
'h
. (5.3-37)
The integral over p^ in the anti-hermitian part is then trivial.
Since the polarization tensor is symmetric, the anti-hermitian part is
i times the imaginary part and ^ must therefore be real. It is
convenient to introduce unit step functions 0 (k  ^ ^) when writing down
UV (a) \the components of a (k).
The requirement that ^ be real implies a restriction on oo, 
specifically ü)2 < Q ü2 or a)2 > (j o2 , with
hw 2 := + 2 (m2 + p2J^ 1 +veB) ± 2 [ (m2 + p2+1) (m2 + p2 ,_i_1) ] ^  .n+1 n'+r (5.3-38)
Alternatively, this requirement may be expressed as a limit on the
values of n and n' which are to be included in the summations (cf.
eqn. (5.3-43)). The equation |u)| = en+p “ Gn+1 a^so has s°luti°ns
p^=p* and Pz = P z* This equation is the condition for gyromagnetic
absorption by electrons or positrons to be possible. Gyromagnetic
absorption does not contribute to (k) for the vacuum. Only the
absorption due to pair creation is to be included for the vacuum.
According to Svetozarova and Tsytovich [1962] only the solutions of
(5.3-35) with U)2 >oo2 correspond to photon-induced pair creation and
+
only these are to be retained.
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By applying the foregoing procedure to (5.3-18) with (5.3-19) and 
(5.3-20) one obtains
ayv(a)(k) _ ie3B (sgn 0))
4tt I oo2 — kn I
2
ln ,n
KV,n
+  2  b
n=0
yv
(5.3-39)
with
11 ff Tn 12 f n+1^ 2"
(JV+! + ( v-l
n n+1
n+lFn ’+l "v+1 JV-1 *
2 2
lPn+ l + Pn ' + 1 - (" 2 - k ! )] v+1 +
n+1
V-l
21
. Tn Tn+1
4pn+lPn'+l JV+1 3V - l *
b 33 = [-2m2 +^((u2 + k | | ) ( K ^ n - 3 ^ 3 V )] r  ( ^2_n f n + l ) 2l+-l V J l V J J
. Tn n+1
- 4pn+lPn'+l Jv Jv
1 1 -2(to2 - k?.) (J°)2 ß +
0(k 2 )-n-1,n
,33 _ „ / t 0\ 2b2 = a
ir v n y -n-1 K ,-n-l,n
0(K2 )
(J“)2 [-2m2 + %(<o2 +k.?)(K2 -ß+nß~ )] K --n n I —n,n—i —n n K _-n,n-1
, (5.3-40)
and with the remaining components of a^V a^^(k) determined by the 
requirements of gauge invariance. Note that gauge invariance is not 
imposed; the result which emerges is gauge invariant. To establish 
the gauge invariance of aP^^a^(k) one needs the identities
n+1 n+1 n n ) 0 Tn Tn+1J J +J J 1, + 2 p 1, J l J. — p t *V-l V V V+1 Fn+1 V V 1 n ’ +1 r+ ) 2 J - ^ 21l v J J ’
(p;'+ l - P n + l> Jn , Jn + 1 + J n Jn+[v+i v v v-l
klpn+l W  +
2 fjn+l] 2"
V—!J + 2kipn'+1 jv+1 C i  ’ (5-3-4l)
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as well as identities obtained from these by making the replacements
n+^n' and using (5.3-6). A separation of a ^ ^ a^(k) into components
-uvalong the f defined by (5.1-14) gives the imaginary parts of the
n(B)
5.3.3.1 The long-wavelength limit
For propagation along the magnetic field one sets k ^ =0 in
(5.3-39) with (5.3-40) and uses L (0) = (n + V)!/ (n! v!) to obtainn
a ll(a)(k) a22(a)(k) ie3B [sgn(a) - k|| ) ] (sgn w)
a 33(a)(k)
x 2 
n=0
3i "
2P2 )
(0 3 2  - k?,)J
e (kl,n-T
l,n-l
16 BW [sgn(u)2 -kn)] (sgn to)
7t(üo2 - kf,) 2
00 2 2 0(KO n-l}x 2 a (m2 + p2) .
n=0 n n 0,n-l
(5.3-42)
In the long-wavelength limit, k.i =0 in (5.3-42) gives
a ll(a)(0ü) = a22(a)((0) = - s1 -------- “I  - 2eB(l + 2n)2ttü) n=0 { ( j o2 [ 1 - (2eB/ü)2) ] 2 - 4 (m2 + p2) } ^
a3 3 (a) (to) ie3B 2?
a (m2 + p2 ) n n
™  n=0 [to2 - 4(m2 + p2)]^ 2 *
(5.3-43)
with n x and n2 such that {to [1- (2eB/to )] -4m }/8eB and (to -4m )/8eB
are greater than or equal to n 1 and n2, respectively, and less than
n i +1 and n2 + 1 respectively. Cover and Kalman [1974] obtained the
3 3 (a)opposite sign for or (to) , but this is probably only a difference in
notation.
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5.3.3.2 The field-free limit
In the absence of an ambient field one may set kj. = |k| in
(5.3-42) and make the replacements
K ->  KV ,n ( “ 2- | k | 2 ) J
obtains the field-free tensor (4.3-2a) with (4.3-12). This result 
agrees with that of Feynman [1949b] and corrects that of Tsytovich 
[1961] by a factor of 2.
5.4 The quadratic vacuum polarization
tensor in an ambient magnetic field
The unsymmetrized quadratic vacuum polarization tensor in the 
presence of an ambient magnetic field may be obtained from the 
definition (1.2-10) by using the E = 0  limit of the electron propagator
where use has been made of the form (3.4-4) of the function (J)(x,xf). 
The result (5.4-1) is manifestly translationally invariant and 
manifestly independent of the choice of gauge of the ambient field. 
Choosing x" = 0 in (5.4-1) and using the E = 0  limit of (3.4-3) gives
(3.4-1). This gives
a ^ P  (x,xT ,x") = ie3 exp[h ie(x-x’) F^V (x" -x)^]
x Sp [y^Ap (x - x' ) yVAF (x’ -x") yPAF (xM -x)] , (5.4-1)
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yVp. na i (x,x )
with
JJVP
- — --exp \h ie x’FPVx |
( 16tt2 )3  ^ ^
exp[-im2(s+ s’ + s")] DyV)P(x,x’)
x —------- -------------------
sin(eBs) sin(eBs’) sin(eBs")
r°° ds r°° . rds’ IJ s s’ dsMsM
x exp-s -
eB(x-x')^ eB(x')| eB(x^)j^
+ +tan(eBs) tan(eBs’) tan(eBs")
(x-x’)n (x’),f (x^ ).
+ + +
i (x,xf) := spy1
Y
exp(-iZeBs) 
exp(-iZeBs’) 
exp(-iEeBs")
(Y(x-x’)),
m + 2s
<Yx') 1
s"
+
(5.4-2)
eB(Y(x - x*)
m +
r
2s'
(Yx)n
+
2sin(eBs) 
eB(yx,)i
m - 2s"
2sin(eBs’) 
eB (Yx)j^
2sin(eBs") (5.4-3)
The Fourier transform of (5.4-2) is given by
P(k,k’ ,k") := j d4x j d4x’ exp(ikx - ik' x' ) ay^P(x,x’) , (5.4-4)
where the signs of the 4-momenta are chosen so that the identity
k = k’ + k" (5.4-5)y y y
is satisfied. Although one of the arguments of ayV>P(k,k’ ,k") is 
redundant it is convenient to retain all three arguments explicitly. 
The integrals over the 4-vectors x and x' in (5.4-4) may be evaluated 
using (B-5). This gives
4 r ° °  r °° r°°
ayVp(k,k’ ,k") = - - - - - ( ds I ds’ [ ds"
(4tt) 2 J0 o o
exp [-im2 (s + s' + s")] Dy^P(k,k',k")
(s+s' + s") sin[eB(s+s' +s")]
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x exp< i
[s"(s+s') k2 -2s's"kk' + s’(s+s") k ’2]
(s + s’ + s")
[$" sin[eB (s + s’) ] k2 - 2^ '  ^ "kkf + $ ’ sin[eB(s + sM) ] k ’2]^
eB sin[eB(s+s' +s")]
2i (kk’)i
eB sin[eB(s+s' + s")] (5.4-6)
with
DPVp(k,k’,k") = SpjyP[exp(-iEeBs) (m + (yA)y ) + (yA)^  ]
x yV [exp(-iEeBs’) (m + (yB)y) + (yB)^] 
x yP[exp(-iEeBs") (m + (yC) y) + (yC)j_ ]|
+ i SpjyM[exp (-iEeBs) (m + (yA) ||) + (yA) jJ
l
exp (-iEeBs') y^yP exp (-iEeBs") y^ 3 g*
x y 2 (s + s ’ +s")
+
eB -yIy Py1 (tt g ^ + *
2sin[eB(s+s’ +s")]
+ yV [exp(-iEeBs’) (m + (yB)y) + (yB)
exp (-iEeBs") yjjy^  exp (-iEeBs) yj^  gj!
+
2 (s + s ’ + s" )
T ITeB Y ^ Y x O t ’ gt + $ ’
2sin[eB(s+s’ + s")]
+ yP[exp(-iEeBs") (m + (yC) ,,) + (yC)±]
Y
O yexp (-iEeBs) y exp(-iEeBs’) Yy göT
2 (s + s ’ + s")
O V T
+
eB YjJ Vy{ (<f" g ^  + 4" ^ T)' 
2sin [ eB (s 4- s' + s") ]
(5.4-7)
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where
$ := s i n ( e B s )  , $ ’ := s i n ( e B s ’ ) ,
£ := c o s ( e B s )  , (j)1 := co-e. ( e B s ’ ) ,
and
[({:'$" k  + f  k '  - ^ ^ n ( k - k ’ )] j J
* s i n [ e B ( s + s ’ + s") ] *
[<H" k -  cM " + Ü " )  k ’ + i i u k]JJ
* s i n [ e B ( s + s ’ + s " ) ]
[ - ( M ’ +<t $ ' )  k +  M '  k '  - i t '  k ’ ] 1!
^ 1 * s i n [ e B (s  + s ’ + s " ) ]
(j;"
s i n ( e B s " )  ,
c o s ( e B s " )  , ( 5 . 4 - 8 )
[s" k + s ' k ’ ]{j 
( s + s '  + s " )  ’
[ s M k -  ( s  + s" )  k ’ ]|j 
( s  + s '  + s " )
[ - ( s  + s ' )  k + s ’ k ' ] | |  
( s  + s ' + s " )
( 5 . 4 - 9 )
The q u a n t i t i e s  i n t r o d u c e d  in  ( 5 . 4 - 9 )  s a t i s f y  t h e  i d e n t i t i e s
$ a £ +  $ ’ B^ + $"C^ = 0 and s äV + s ' Bm' +  s"C,V = 0 .  ( 5 . 4 - 1 0 ).„Vi
The t r a c e s  i n  ( 5 . 4 - 7 )  may be e v a l u a t e d  u s i n g  (A-2)  and t h e  f a c t  
t h a t  t h e  t r a c e  o f  an odd number of  D i r a c  m a t r i c e s  v a n i s h e s .  A f t e r  an 
e x t r e m e l y  t e d i o u s  c a l c u l a t i o n  one then  o b t a i n s
DpVp( k , k ' , k " ) aV* _  ß k  -f r;hll B|l °ll c o s [ e B ( s + s ’ + s " ) ]  g
V
^1
VP
+ 2$'  s i n [ e B ( s "  + s )  ] gY^+ s i n [ e B ( s "  + s -  s ’ ) ]  fY^
+ I aY, + B n -  cY c o s [ e B ( s + s '  + s " ) ]  g py
+ 2$" s i n  [eB ( s  + s ' )  ] gj|^ + s i n [ e B ( s  + s ’ - s " ) ]  Fj^j-
+ -An +  b K +  Cl? c o s [ e B ( s + s '  + s" ) ] g
yv
yv
+ 2$ s i n  [eB ( s ' + s")  ] gj*V + s i n  [ eB ( s ' + s" -  s )  ] Fj|Vj  
+ A j | | co s  [eB ( s ' + s")  ] gV)f3+ 2 $ ' $ "  g^P -  s i n [ e B ( s ' -  s " ) ] F[|Pj  
+ A ^ jco s  [ e B ( s '  + s" ) ] g^+2!j>'!j>" g ^  + s i n [ e B ( s '  - s " ) ]  F j ^ j
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aP r ü / * mm uv , f -^y vp -v  py -  c o s [ e B ( s  - s  ) ]  g -4- Aj_g|| " Aj_g|j s i n [ e B ( s ’ + s " ) ]
yv-  s i n [ e B ( s ’ - s " ) ]  g
+ B^ jcos  [ eB (s"  + s )  ] g^^J + 2^"^ g j ^  -  s i n [ e B  ( s M -  s )  ] F j ^ j
+ B ^ | c o s [ e B ( s "  + s )  ] g^V + 2$"$ gj^V + s i n [ e B ( s "  -  s )  ] F^V|
„y r d / m m  vp , f -v py sp yv 
-  Bj  ^ c o s [ eB(s  - s ) ]  g + Bl g || _ Bl g || s i n [ e B ( s "  + s )  ]
+ By s i n [ e B ( s "  -  s ) ] gvp
+ C ^ jcos  [eB(s  + s ’ ) ] g^V + 2^ f gj*V -  s in [e B  (s  -  s ' ) ]
+ C j | | cos  [ eB (s  + s ’ ) ] gV p + 2^ '  g ^ P + s i n  [eB (s  -  s ' ) ] F^PJ
co s  [ e B ( s  -  s ' )  ] g ^  +
+ 4 2c o s [ e B ( s + s ’ + s " ) ]
cJgnV -C^gYP s i n [ e B ( s  + s ' ) ]
-  s i n [ e B ( s  -  s ' ) ]  g (
aM cP + cM bP
(BC ) it A VI -  (CA) mB Vi + (AB),, Cvi ■! cos [eB (s  + s '  + s " ) ]  gy  p
+ 2$ '  s i n [ e B ( s "  + s)  ] g *^3 + s i n  [eB (s"  + s -  s ’ ) ]
(BC)„ An + (CA) II bY -  (AB).I cY c o s [ e B ( s + s '  + s" ) ] g
+ 2 $" s i n [ e B ( s  + s ' ) ] g ^  + s i n  [eB (s + s T - s " ) ]  Fj^j-
”  ( B C ) | |  A y  +  ( C A )  +  ( A B )  | |C y i c o s [ e B ( s + s ’ + s " ) ]  gyv
+ 2$ s i n [ e B ( s '  + s " )  ] g^V + s i n  [eB (s  ’ + s"  -  s )  ] Fj|Vj  
+ I c o s [ e B ( s '  + s " )  ] A^ + s i n [ e B ( s ’ + s " )  ] A^ |ßyC jj + cj^B jj -  (BC)y g
+
vp
cos [eB (s  ’ + s " )  ] A ^ - s i n [ e B ( s '  + s " ) ]  A^ B j j c 1jj + C ^ B  jj -  ( B C )  y g j j y
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+ cos [ e B ( s ’ - s " ) ]  A ^ + s i n [ e B ( s ’ - s " ) ]  Ä f  f-B|Ycj^ +  C^By +  (BC)y gyV
Ay vp , .v  py .p yv
Al gl  + A l gl  ”  A1 81-  (BC) || c o s ( e B ( s ’ -  s " )  ]
s i n  [ e B ( s ’ - s " ) ]  +  A ^ g j )y -  A ^ g ] ^
cos  [eB ( s M +  s )  ] B^ + s i n [ e B ( s "  + s ) ] B j  C|YAjY +  A|YC^ -  (C A ) || gy
+  j^cos [eB ( s M +  s )  ] Bj^ -  s i n [ e B ( s "  +  s )  ] B^ |c|yA^  +  A^Cy -  (CA)|| gjjV
+  cos  [eB ( s "  -  s )  ] By + s i n [ e B ( s "  -  s ) ] By j - C ^ A ^  +  A^C|P +  (CA)|| gj^P
-  (CA), c o s [ e B ( s "  - s )  ]
-  s i n [ e B ( s "  -  s )  ]
+ R p a ^  RP0VP 
Bi 8l  +B 1 81 " Bl gl
Bi gf +Bipgr - Bi gi p
cos [e B ( s  +  s ' ) ] CP + s i n [ e B ( s  +  s '  ) ]  CP jA^By l-B^Ay -  ( A B ) ^ ^  
+  l^cos [e B ( s  +  s ’ ) ] c|] -  s i n [ e B ( s  + s ’ ) ] c|J| j^A^B^ +  B^A^ -  (AB)|| g^P 
+  c o s [ e B ( s - s ' ) ]  + s i n [ e B ( s  -  s ' )  ] | - A PBy +  B ^  +  (AB)y gPM 
-  (AB)y | c o s [ e B ( s  -  s ’ ) ]  | c^g]^V +  c j j g ^ P “  C l ^ l ^ j
-  s in [e B (s  -  s ' ) ]  C ^ g ^  + c |Jg ^ P -  C ^ g ^
+ A j j | ( | ] ^ C P + C ^B P -  (BC)i g Vpj + $ |Ö ^ b £ + C ± $ l  ~ (BC)i g y P 
+ Ay j<|: BPCP + C^By -  (BC)i g PP -  $ | cY bP + c[ b}J +  (BC)i g P|J 
+  A f f | ^ - B PcY +  C ^  + (BC)i g yVj  -  $ -  Cy B^ -  (BC)i gf|lVJ |
+  B y / i f '  f c PA | + A PCy -  (CA)± g Py| + $ ' [APCy + APCy -  (CA)i g Py
+  B ^ ’ | c yA^ 4- Ay C^ -  (CA)_LgyVj  -  |a]^C^ +  Ay C^ + (CA)i gfj1V
+  ßjj -C ^A P + A^CP + (CA)i g Vp -  $ ' (a^C P -  Ay Cp -  (CA)i g ] jP J
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+ c j j f ' i  A^b]* + b}JA^ -  (AB)i gV1'-’j + B ^  -  ( A B ^ g ^ j J
+ c j ^ ” ax b£  + bx a£ -  (AB)j_gvp - $ " [ b i ax + bi ^i  +  (ab)x gj^p
+ C|| U " | - A PBj1 + b£ a[  + (AB)l g PM - j j "PP ^bPa? -  bV’a!1 -I"L —i" i - (AB^gy
PP
+ 2 A1 B1 C1 + ci Ai Bl -  I (BC)X AP -  (CA)^b|* + (AB)i  cj1
-  I (B O jA “ + (CA)i B£ -  (AB)XC  ^ gPP -  | - (B C ) j A£ + (C A ^B f + (A B ^ C H g
.Pp
+ 4 i
( s  + s ’ + s M) c o s [ e B ( s ’ -  s " ) ]
,p yv y vp Av py
Al S  - Ai 8x - Al S i
+ s i n [ e B ( s '  - s " ) ]  Af g f  -  gx + Ai S i  +Ai 8l
B±V P -  BPg PP -  Bpg f+ c o s [e B (s "  -  s ) ]
+ s i n [ eB (s"  -  s )  ] [ß^ g^P “ g ^ P + B^gj^  + BPgj^VJ
+ c o s  [ eB (s  - s ' ) ] c ^ - c P g f - c ^ P
+ s i n [ e B ( s - s ' ) ]  [C  ^|g ||’1J -  g[J|J + C ^ g ^  + Cx gx P
ßP + Cn j c o s [ e B ( s ' + s" -  s ) ] g|*V 4-s i n  [ eB ( s ’ + s" -  s )  ] F j ^ j  
Cy1 + A^j | c o s  [eB (s"  + s -  s ’ ) ] g^P + s i n [ e B ( s "  + s -  s ’ ) ] F ^ j -
A|| +Bj| c o s  [eB ( s  + s ' - s " ) ]  g^ M + s i n  [ eB ( s  + s ’ - s " ) ]  F |
+ 4ieB
s i n [ e B ( s + s ’ + s M) ]
^ pf_yvAj'i" g|ljlv + c o s ( 2 e B s )  g j^  -  s i n ( 2 e B s )  F ^
+ B, gjy  ^ + c o s ( 2 e B s ' ) g^P -  s i n ( 2 e B s ' ) F^P
+ CV g|Ppl + c o s ( 2 e B s n ) gj^M -  s i n ( 2 e B s " )  f£py
aP0VP AV0 PP Py _ nPaW  r PpPv _ r Pav P
aii8 ii ' aii8 ii "Vu " V ii ■ cii8ii cii8ii
- tlW+AK1 W +WI^1ciT +W
p L pv
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+ +*•
+i"
% y v - gpg^ - Bpfpp
Cpg^ - CPgVp - C^FPP
jl'jp
(5.4-11)
To establish the result (5.4-11) for K(k,k',k") it was necessary to 
use identities of the form
Ayc,vp v^py  py ^y vp ~p yv ^y  vp .v^pyA1F1 +AlFi “ V i  -AlSl . aM  -Ai8i = A1F1 >
g^P(AB)j_ -F]’P(AB)i = A^b{’-A^b{1 AiSi +AiBl “ BiAl +BiAi '
(5.4-12)
5.4.1 The symmetrized tensor
The symmetrized quadratic vacuum polarization tensor in a 
magnetic field may be obtained from the unsymmetrized tensor (5.4-6) 
by using (1.2-3) and (1.2-5). That is,
apvp(k,k',k") = !s[<^(k,k',k") + a ^ v(k,k",k')]ypv,
ie B -oo -oo ds"ds ds ’
2 (4tt) z \  ■'o 'o
r[s"s k2 +ssT k'2 +s'sM k"2]
exp[-im2 (s + s ' + s M)]
(s + s' +s") sin[eB(s+s’ + s M)]
exp{ i
+
(s + s’ + s")
c p y  k2+y<|;" k'2 + y k " 2 '^
eB sin[eB(s+s’ + s")]
,yvpx <Dj K(k,k*,k";s,s’, s") exp
21 (k'V)
,UPV+ D;j (k,k",k’;s",sf,s) exp
eB sin[eB(s+s* +s")]
-2i y y  (k'^Ox
eB sin[eB(s+sr +s")]
(5.4-13)
,yvpwhere the dependence of on the integration variables has been
indicated explicitly and a convenient relabelling of the integration
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variables s and s" has been made.
The symmetrized tensor (5.4-13) satisfies
ayVp(0,0,0) = 0 (5.4-14)
and, in the field-free limit, (5.4-13) vanishes identically, as 
required by Furry’s theorem. The symmetrized tensor is therefore both 
finite and gauge invariant and does not need to be renormalized.
An alternative form of ayVP(k,k*,k") may be obtained from 
(5.4-13) by the transformation s->-is, s’ -»--is' , s"-»--is" :
tyVp(k,k',k") e B
2 (4tt) 2 'o -o
ds’ ds" exp[-m2(s+ s ’ + s")]( s + s ’ + s") sinh[eB(s+s’ + s")]
[s"s k^+ss’ k'2+ s ’s" k”2 ] |
(s + ^ Vs")
[$"$$' k2 +$$'$" k'2 +$'$"$ k"2]1 
eB sinh[eB(s+ s' + s")]
-2i
exp<
jjvp
+
(k,k’,k";-is,-is’,-is") exp
» <b" 1 1, »(k"k’ )^
,ypv+ (k,kM ,k’;-is",-is',-is) exp
eB sinh[eB(s + s ' +s")]
2i $$'$" (k’i O x
eB sinh[eB(s+s' +s")]
(5.4-15)
where
$ := sinh(eBs) , $ := cosh(eBs) , (5.4-16)
and so on. The replacements of the upper integration limits by 
infinity in (5.4-15) is achieved by rotating through tt/2 in each 
integration plane and this is possible when no poles are encountered. 
The quadratic vacuum polarization tensor has poles when resonant 
processes (e.g. figure 5-1) contribute to the quadratic polarization 
of the vacuum. A sufficient condition for the absence of poles is 
that photon-induced pair production be impossible.
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Figure 5-1: A resonant contribution to the quadratic vacuum 
polarization tensor.
5.4.2 Symmetry properties
The symmetrized tensor satisfies the relation (4.2-3) by 
construction. The crossing symmetry (4.2-9) for the symmetrized 
tensor follows from the identity
^ y p (-k,,-k,k";s,s",s') = D ^ v (ksk",k’;s",s’,s) , (5.4-17)
which may be established by using (5.4-12) as well as identities of 
the form
A f F ^ + A ^ e + A W 1 = 0, A ^ P - A ^ + Ä P ^  = 0,11 11 Tl 1B1 rl&l 11
a]Jf];P+2a];fP’J+ aPf]1V = APgf - A ^ P  . (5.4-18)
The time-reversal-invariance relation (4.2-8) for the symmetrized 
tensor follows from the identity
D^P(k,k' ,k" ;s,s ’ ,s" ;-F) = -D^PV (k,k" ,k* ; s" ,s ’ ,s;F) (5.4-19)
together with the fact that the 3-tensor component of (5.4-13) is an 
even function of each of U), w’ and w". The identity (5.4-19) may also 
be used to show that (5.4-13) satisfies the symmetry relation
aUVp(k,k’,k";F) = - aMVH(k,k’,k";-F) , (5.4-20),yvp
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which is a necessary consequence of the charge-conjugation invariance 
of quantum electrodynamics [Furry 1937].
5.5 The quadratic response tensor 
in an ambient magnetic field
The non-resonant part of the unsymmetrized quadratic response 
tensor in the presence of an ambient magnetic field may be expressed 
in the form of a summation over the quantum numbers of an electron in 
a magnetic field by using the representation (3.5-7) of the electron 
propagator. The method of calculation has been outlined by Melrose 
[1974, Appendix A]. An explicit calculation shows that the 
unsymmetrized tensor is given by
apVp(k,k',k") e4B4tt 2 2 n,nT ,n" €#€',€" 
s , s \ s M
C°° dp
— oo
dpz—  2TTS(P;-pz+kz)
dp"
57 2tt4(p"- p +k ) =„(co,U)',io")
ZU z z z qq q
r“ „(k)qq ~
with
HqCq ,q»,(w,w',w") : =
r€,£(-k’) q q ~
e (1 - 2n )
q
rV,C-k")q q ~
(w -  ec + e"e „ )  (oo* -  ee + e ’ £ , )q q q q
(5.5-1)
+
e ,(l-2nqt)
( w ' - e e  + e ' e  , )  (w? -  w + e ' e . -  £Me ,,)q q q q
e" (1 - 2nqM)
( w - e e  + e"e ,,) (a)' -  w + e 1 e , -  e "e  ,,)q q q q
(5.5-2)
and with e ,, := e(p",n",s"). Writingq z
k =: (k^ cosi^ , k^ sinij;, k ) (5.5-3)
one has (apart from an irrelevant phase factor)
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r n n " (k) qq ~
1______  /  (1 + s s " )
( 4 e e Me e „)
q q
h \  2 t  MJ n „ + ~ ~ ~l qq n - n  t  „
V z  J n " -n  + PiPi' J n " ! n j ’
,, - i s i l  Tn , isijj Tn+s
^ q q - P l6 Jn " -n +s + r q” qPl e V - n - s J
-  i s ,, - is ip  nl r qq"pl e V - n + s  " r q"qPXe J
isijj Tn+s
n " -n -s .
r nnnP'' + r m P qq z q q zj J n n " - n  J
, ( l - s s " )  (  S I „ tli. o m T“
+ ------ 2------  F T  PzPJ- J n " -n - s  '  V l  V - n -
qq
s
-is lp  f-  s e  r  ,,p -  r  „ pX It  ^  ^  t i  JrI qq Z q q Z J nJ n M- n  ’
. - i s i p  „ Tn-  l e  r  ,,p -  r  „ p J  „ ,1 qq z q q zJ n - n
w i t h
-  s
e£ + m
q
m Tn Tn+st  iiP i 1 M t  || pi J  || ^ qq -L n - n - s  q q i  n -n - i
e "e  I, + m
q
*2
( 5 . 5 - 4 )
t  „ := [ ( e e  +m) (€"£ ,, +m) ] 2 ,
qq q q
Pj| := [ (2n" + 1 -4- s " ) e B ] 2^ ( 5 . 5 - 5 )
and w i t h  t h e  a rgument  of  t h e  f u n c t i o n s  J n „ , e t c .  i n  ( 5 . 5 - 4 )  g i v e n  by
f _ t „ f , M  , I 'i P
k^ /2eB .  E x p r e s s i o n s  f o r rV(-k')
. q q . and l Pqi'qt ( -js")  I may
o b t a i n e d  from ( 5 . 5 - 4 )  by r e p l a c i n g  ip by i|^+7T and r e l a b e l l i n g .
The q u a n t i t y  ( 5 . 5 - 4 )  s a t i s f i e s  t h e  i d e n t i t y  (5 . '3 -7)  t o  w i t h i n  a 
phase  f a c t o r  and ,  f o r  1^=0,  ( 5 . 5 - 4 )  r e d u c e s  to  ( 5 . 3 - 4 )  (w i th  c ’ e " , 
q ’ ->q") .  Only f o r  = k |  = kj| = 0  i s  i t  e a sy  t o  e x t r a c t  t h e  f i e l d - f r e e  
q u a d r a t i c  r e s p o n s e  t e n s o r  ( 4 . 5 - 1 )  f rom ( 5 . 5 - 1 ) .
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5.5.1 The symmetrized tensor
The symmetrized quadratic response tensor in a magnetic field may 
be obtained from (5.5-1) by using (1.2-3) and (1.2-5). The expression 
for may be rewritten by making the replacements Pz ‘>-Pz> p^^-p^, 
p” ■*-p^ and relabelling q q", e-*->eM. One obtains
apvp(k,k' ,k") = 2
n,n’,n" e,e\e" 
s, s ’ , s"
dp f00 dp ’ z z
27T I 2tt 
—  00 ■'—00
X 2tt6 (p’ - P + k ’ ) z z z 2tt6 (p" - p + k ) z z z
Hqq’q" lr—
^  - e ' er , (-k')q q ~
V ( „ ,
raMaf (-~U)( q q ~
+ Hl_, (-03,-0)’ ,-ü)") r!„hk)q q ~ r“ ,(-k')l qq ~
- e  1 e "rf,f„(-k")q q ~
(5.5-6)
where the quantum numbers q,q’, q" are the same as q,q',q" but with the
signs of p , p', and p" changed, z z z
The symmetrized tensor (5.5-6) is finite and gauge invariant and 
does not need to be renormalized. In the absence of a plasma (5.5-6) 
must be equivalent to the real part of (5.4-13), but it is obviously 
in quite a different form. In the classical limit (5.5-6) must reduce 
to the symmetrized linear response tensor derived by Melrose and Sy 
[1972] using classical kinetic theory.
The symmetrized tensor satisfies the relation (4.2-3) by
construction. The crossing symmetry (4.2-9) for the symmetrized
tensor may be established by making the replacements Pz "*-Pz>
p" -*-p" in (5.5-1) and relabelling q' q" , e ' e". z z
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5.6 The cubic vacuum polarization tensor 
in an ambient magnetic field
The unsymmetrized cubic vacuum polarization tensor in the 
presence of an ambient magnetic field may be obtained from the 
definition
a^VpÖ(x,x’ ,x",x'") = -ie4Sp[yP G(x,x’) yV G(x',xM)
X yPG(x",x’") YaG(x"\x)] (5.6-1)
by using the E =0 limit of the electron propagator (3.4-1). This 
gives
aPVp0(x,x',x",x'") = -ie4 exp[->iieB(x - x") FPV (x' - x"’ >v ]
x Sp[YV Af (x - x ') yV Af (x ' - x") y P Af (x" - x"')
x y ° Af (x '" - x)] , (5.6-2)
where use has been made of the form (3.4-4) of the function (j)(x,x'). 
The result (5.6-2) is manifestly translationally invariant and 
manifestly independent of the choice of gauge of the ambient field.
The Fourier transform of (5.6-2) is given by
a^V Pa (k, k ’, k" , k"') := j d4xj d4x' j d4x" exp (ikx - ik'x* -ik"x")
x a^VpÖ(x,x',x",0) , (5.6-3)
where the signs of the 4-momenta are chosen so that the identity
ky k ’y + kM + k ,My y (5.6-4)
is satisfied (cf. figure 1-4). An explicit expression for 
a^Pö(k,k’,k" ,k,M) analogous to the result (5.4-6) with (5.4-11) for 
aPVp(k,k’,k") may be obtained by using the E = 0 limit of (3.4-3),
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p e r f o r m i n g  t h e  i n t e g r a l s  i n  ( 5 . 6 - 3 )  w i t h  ( 5 . 6 - 2 )  and e v a l u a t i n g  t h e  
t r a c e .  The s ym m etr ized  c u b i c  vacuum p o l a r i z a t i o n  t e n s o r  i n  a m a g n e t i c  
f i e l d  may b e  o b t a i n e d  from t h e  unsym m etr ized  t e n s o r  by u s i n g  ( 1 . 2 - 6 ) .  
The sym m etr ized  t e n s o r  i s  n o t  gauge  i n v a r i a n t  and must  be  r e n o r m a l i z e d .  
In  vi ew of  ( 4 . 6 - 3 )  and ( 5 . 1 - 1 )  one h a s
r e g  a UVpa( k , k ' , k " , k , , , ;B) = a yVp°  ( k , k \ k "  , k " ' ;B )  
w i t h  a y v p a ( 0 , 0 , 0 , 0 ; 0 )  g i v e n  by ( 4 . 6 - 4 ) .
yvpa- a (0 , 0 , 0 , 0 ;0 ) ,
( 5 . 6 - 5 )
I  have  n o t  a t t e m p t e d  t o  p e r f o r m  t h e  c a l c u l a t i o n s  o u t l i n e d  above .  
The c a l c u l a t i o n s  a p p e a r  t o  b e  e x t r e m e l y  t e d i o u s  even  f o r  t h e  s p e c i a l  
c a s e  o f  a l l  f o u r  p h o to n s  p r o p a g a t i n g  a lo n g  t h e  m a g n e t i c  f i e l d  l i n e s  
[Ng and T s a i  1977] .
5 . 7  The  c u b i c  r e s p o n s e  t e n s o r  i n  
an  a m b i e n t  m a g n e t i c  f i e l d
A p r o c e d u r e  a n a lo g o u s  t o  t h a t  p r e s e n t e d  i n  § 5 .5  may be used  t o  
d e r i v e  t h e  c u b i c  r e s p o n s e  t e n s o r  i n  t h e  p r e s e n c e  of  an ambien t  
m a g n e t i c  f i e l d .  Fo r  t h e  unsym m etr ized  n o n - r e s o n a n t  p a r t  of  t h e  t e n s o r  
one o b t a i n s
iy v p 0 ( k , k ’ , k" , k m ) Ü  2  2  24tt i  I  j  J 2 TTn , n  , s , s  , € , e  , J-°°
n" , n ,M s M, s ,M e " , e m
dp foo dp '
2tt
x 2TT6(p^ -pz + k ^ )
rco dp"
z
2 tt
,°° dP;
271 2^ ( P ' ' ’ - P z + k z )
- c c ' "
XHq q ’ q,,ql"  ( r qq'"
r n ' V (_i " )q q ~ r  ,,, , , ( -k ' " >  q q ~
r n * n (" k , >i q q ~
a
( 5 . 7 - 1 )
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with
ee' e"e,M
Hq q ’ q "q ,M (a3,w' ,a)" ,a)'"^
e (1 - 2n€)
_______________________________ g_________________________
(ü)' -  ee + e ' e , )  (ü)' +w"  -  ee + e"e „ )  (oo -  ee + e ' " e  m)
q q q q q q
£' (1- 2n\)
(03' -  e £  +  € '  e  ,) ((a)" -  e  ’ £  , +  e " £  „ ) (o3 -  to' -  £ ? e  , +  e " ' £  „,)
q q q q q q
e" (1- 2ne„)
_________________ rT________________ q_________ ._________ ,______________
(iii* + w " - e e  + e Me ,,) (a)" -  e1 e , + €"e ,,) (üj -  w* -  w" -  e"e „ + £ ' " £ „ , )
q q q q q q
e"’ (1- 2 n C )
-------------------- ---------------------- ---------------------- q_________ ____ ____ ________ _______(03 - e £  +  £*"£ ,,,) (w - 03' - e * £  , +  e"'£ ,„) (u> -  w' - uj" - e M £ „ +  e ,M£ „,)
q q q q q q
(5.7-2)
and with £^ ,,t := £ (p”1 ,n"',s'"). Only for = k^ = kj" = 0 is it easy
to extract the field-free tensor (4.6-1) from (5.7-1). The 
symmetrized cubic response tensor may be obtained from (5.7-1) by 
using (1.2-6). The vacuum part of the symmetrized tensor is not gauge 
invariant and must be renormalized (cf. §5.6).
5.8 The exact photon propagator
The photon propagator is the Green's function for the wave 
equation (cf. §6.1). The photon propagator to lowest order in the 
fine structure constant is called the bare propagator. In the Landau 
gauge the bare photon propagator is given by [Berestetskii et at. 1971, 
§77]
D (k) yv
4tt
kz +i0
k k _p v
’yv (5.8-1)
The term proportional to k^k^ in (5.8-1) is arbitrary for a conserved 
current (i.e. for k j^=0).y
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An expansion of the exact field-free photon propagator V ^(k) in 
powers of a may be interpreted in terms of a sum of all Feynman 
diagrams with two external photon lines. This sum may be represented 
graphically by figure 5-2 where the thick broken line corresponds to 
-iP (k), the thin broken line corresponds to -iD (k) and -ia(k) 
corresponds to the exact field-free linear vacuum polarization tensor 
(without approximation in the radiation field).
+
Figure 5-2: The exact photon propagator,
The analytical form of the series represented by figure 5-2 may be 
summed to give
V (k) = D (k) - D , (k) aAT(k) V (k) . (5.8-2)yv yv yA tv
An explicit expression for the exact propagator may be obtained by 
multiplying (5.8-2) on the left by the inverse tensor (D-1) ^  and on 
the right by (P-1)Va. After relabelling the tensor indices one 
obtains
+ ayv (5.8-3)
In the presence of an ambient field the exact photon propagator 
is given by (5.8-3) with a identified as the appropriate linear 
vacuum polarization tensor (without approximation in the ambient 
field). In the presence of an ambient plasma the exact photon
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propagator is given by (5.8-3) with a identified as the appropriate 
linear response tensor. The bare photon propagator is also modified 
in the presence of an ambient plasma [Melrose 1973].
PART III
APPLICATIONS
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CHAPTER SIX
RELATIVISTIC QUANTUM PROCESSES IN A 
STATIC UNIFORM ELECTROMAGNETIC FIELD
6.1 The natural wave modes of the vacuum
The wave properties for the electromagnetic modes of the vacuum 
permeated by a static uniform electromagnetic field may be obtained 
from the linear vacuum polarization tensor by a procedure familiar in 
plasma physics. For weakly damped waves, Maxwell’s equations imply 
the wave equation [Melrose 1978, §§2.2, 13.4]
(6.1-1) reduces to three simultaneous equations for the three 
components of A(k). Setting the determinant of the coefficients equal 
to zero gives the dispersion equation. Each distinct solution of the 
dispersion equation is the dispersion relation for a specific wave 
mode. (This dispersion relation is not to be confused with the 
dispersion relation discussed in chapter four which expresses the 
causality condition.) For formal purposes it is convenient to assume 
that the dispersion relation is an expression for a) in terms of k; 
that is, the dispersion relation for waves in the mode O is written as
[k2g^V - k^kV + 4tt reg a^V ^  (k) ] A^(k) = 0. (6.1-1)
With the choice of gauge A^(k) =(0,A(k)) (the gauge),
(6.1-2)
Alternatively, the dispersion equation may be written as an expression
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for the square of the refractive index in terms of the wave frequency 
and the angle between k and B; that is,
y0(w,6) . (6.1-3)
When any dispersion relation is satisfied one may solve for the 
polarization vector e? (k) which is defined to be a unimodular vector 
along the solution for A. For waves in the mode 0 one may also solve 
for the absorption coefficient yG (k) and for the ratio R^(k) of 
electric to total energy in the waves. For weakly damped waves one 
has [Melrose 1978, §2.3]
and
where
Y°(k) - - 21 u°(k) R^(k) e°(a)(ua(k),k) (6.1-4)
RE ^  11 _ 3_ 
to 3(0
.2 a(h)(o e ((o,k)
(o=(oQ (k)
(6.1-5)
£a(h,a) ) := e°*(k) eCT(k) e^h,a) (oo,k) .
~  1 ~  J ~  1J ~ (6.1-6)
Note that the wave equation implies
o( h)£ ' ' ((0,k) = y^(to,0) (l-|jc.e (k) I 2) (6.1-7)
Although the above procedure for deriving the wave properties of the 
vacuum involves an explicit choice of gauge and of inertial frame it 
can be shown [Melrose 1973] that equivalent results are obtained for 
any other choice of gauge or frame.
Batalin and Shabad [1971] and Shabad [1975] suggested a different 
procedure for deriving the dispersion relations for the electro­
magnetic modes of the vacuum permeated by a static uniform electro­
magnetic field. These authors derived a diagonal representation of 
UVreg a (k) in terms of its eigenvalues Ik and eigenvectors b^ (with
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k b % 0  for i = l,2,3); V'iz. y i
yvreg a (k)
3
2 H.
1-1 1 (K )2
(6.1-8)
The bV are eigenvectors of k 2g ^ - k ^ k ^  with eigenvalues k2. Batalin
and Shabad concluded that the dispersion relations are given by
k =- 4tt1L. However, this is not the case. There are only two modes
and all that one can conclude is that the dispersion relation for each
3 3
is the form k2 = - 4tt 2 a.H. with 2 a. =1 and with the a. not
. , 1 1  . , i ii=l i=l
necessarily independent of k . Hence, the procedure of Batalin and 
Shabad is not useful in general.
For an electromagnetic wrench with coordinate axes defined by 
B = (0,0,B) and k=|k| (sinO,0,cos0) the three simultaneous equations 
for the three components of eÜ (k) become
(1 - y2cos20)(1 + x0) 0 y2sin0cosO(1 + x0)
0 (1-y2) (1+x0) +y2sin20 xx -ysin0x3
y2sin0cos0(l+x0) - y sin0 x3 (1 - y2sin20) (1 + x0) + X2.
where
X± := 4tt Re ,
with the given by (5.2-15) with (5.2-16). 
dispersion equation are
x
r ch
ei
ö 
le3
0, (6.1-9)
(6.1-10)
The solutions of the
y B ± A 2A (6.1-11)
with
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B := 2(1+x0)2 + (1+X0) t +cos20) X2 " sin20 Xi 1 +sin20(x3 - XxX2) >
A := sin20{[Xlx2 + (1+XoHXi -X2) -X2]2 +^(1+X0)2 X3^ >
A := (1 + X 0)2 + (1 +X o)(cos20 x2 - sin20 Xl) +sin20cos20 (x23 -XjX2) •
(6.1-12)
This exact solution for y2 is an implicit solution since the x^ remain 
functions of y2 . For sin0 =0 the vacuum refractive indices are 
exactly equal to unity. A photon propagating parallel or anti­
parallel to the field of an electromagnetic wrench is unaffected by 
the presence of the field.
The dispersion equation derived from (6.1-9) is also satisfied by 
the solutions of 1 +Xo =0 and, for sin0 =O, by the solutions of 
1 +X 0 +X2 = 0. The longitudinal photon-like resonance suggested by 
Cover and Kalman [1974], for example, is a solution of 1 + X0 + X2 = 0 
for propagation along a magnetic field with B-TTB^/a. Tsai and Erber 
[1976] have shown that such solutions may not correspond to 
propagating modes. The linear vacuum polarization tensor to all 
orders in both the radiation field and the ambient field must be used 
to determine the solutions of 1 + xo = 0 and 1 + X 0 + X2 = 0. This was not 
done by Cover and Kalman.
For x3 ^ 0 an explicit expression for the polarization vector may 
be obtained by inserting the dispersion relation (6.1-11) with 
(6.1-12) in
e1 = {[y2cos20(y2 -2) +l][(l-y2)(l+x0) +h2sin20 x j 2
+ y2sin20(1 - y2cos20)2 X3} 2 (-y2sin0cos0[(1 - y2)(1 + xo) + y2sin20 xi] > 
y sin0(l - y2cos20) x3> (1 - y2cos20) [ (1 - y2) (1 + x0) + y2sin20 xj) •
(6.1-13)
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+Note that k.e fO in general. The presence of the ambient field gives 
a longitudinal component to the polarization vectors of the natural 
modes. Inspection of (6.1-13) shows that the natural wave modes of 
the vacuum cannot be classified as 1 and I modes when E ^ O  and B^O. 
The refractive indices for 1 and I polarized photons may be obtained 
from (6.1-11) and (6.1-12) by decomposing the polarization vector of 
each photon into components along the polarization vectors of the two 
natural modes. For propagation perpendicular to the field lines of an 
electromagnetic wrench the exact vacuum refractive indices for -1 and I 
polarized photons were derived by Daugherty and Lerche [1976] using 
the proper-time technique.
For a purely magnetic ambient field and for a purely electric 
ambient field one has X3 = 0. The + and - modes may then be identified 
as the 1 and I modes, respectively, for
A := XiX2 + ( 1 + X0HXi - X 2) > 0 - (6.1-14)
The + and - modes may be identified as the I and 1 modes, respectively, 
for A<0. The two modes are degenerate for A=0. The quantity A is 
constant for weakly damped waves in a static uniform field. Hence, 
the 1 and | modes may be considered as the natural modes of the vacuum 
permeated by a wrenchless field. The wave properties of the 1 and | 
modes are given by
4 :
1+ Xo
1 + X0 - X ^ i n 2©
1+ X 0+ X2
1 +Xn + X o C O S 2 0
(6.1-15)
£ (0 , 1,0) ,
(- C O S 0 ( 1+x +Xo) >O,sin0(l+xn))
[(1+X0)2 + c°s20 x2(X2 + 2 + 2 Xo)]*2
(6.1-16)
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1
*E
*E
2y 1 9(jj (wy,)
1 _9_ 
1 a) 9(jü 1 +
Xo(l+Xn) sin20
[ (! + X 0) 2 + cos20 X2(X2 + 2 +2x0)]J_
w=w (k)
(6.1-17)
6.1.1 The weak-dispersion limit
In the weak-dispersion limit (i.e. for y+ =1) the vacuum 
refractive indices may be obtained by assuming y2 - 1 in (6.1-11) and 
by evaluating the X^ for k2 = 0 (i.e. for k^ = w sin0, ky =00 cos0). One 
obtains, denoting the case k2 =0 by an asterisk,
1 + ^ sin20 (X* + X2 - A*) ,
(^cos0(X*-xt±A*), x*> -Jssin0(X*-X?±A*))
^ a*[x* - x* ± a*]}*■,1'2
with
where
X. e4BE
[(xt-x*)2 +4(x*)2]'s ;
<f.
(6.1-18)
(6.1-19)
(6.1-20)
sin(eBa) sinh(eEa)
x cos(m2a u2oin20 f[c°s(eBa) - cos(eBß)] | [cosh(eEa) - cosh(eEß)]]
2eB sin(eBa) 2eE sinh(eEa) j
(6.1-21)
with the (f) given by (5.2-16).
6.1.1.1 The low-frequency weak-field limit
Dispersive effects are weak in the low-frequency weak-field limit. 
In this limit the wave properties of the natural modes of the vacuum 
permeated by an electromagnetic wrench reduce to
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+ 1 + 7a sln2e (e 2 + b 2) ,457TB2
1 + 4a sin 0 /r,2 , „ 2(E + B ) ,
457113
+ _ (-B COS0, E, B sin6)
(B2 + E2)^
e = (E cos9, B, -E sin6) 
(B2 + E2)^
re = —2y h+ 2y‘
(6.1-22)
This result agrees with that obtained from the Heisenberg-Euler 
Lagrangian density (cf. §2.5).
6.1.1.2 The high-frequency weak-field limit
2 2 2In the high-frequency weak-field limit (i.e. for w sin 0 >> 4m 
and E,B<<:Bc) one obtains
e
4tt
f1 .°°
J dn(i-n2) <j>* da a cos m2a + ~  (1 - n2)2
with
x e2 (B2 + E2) a)2sin20 a3 (6.1-23)
♦? b z (^2 + g-h2) + E2(i - |n2) , <j>* =  BZ(1 -±n2) + E 2(^ + |n2) ,
<t>o =  -^EB(1 -n 2) ; (6.1-24)
where a change of integration variable to h := ß/a has been made. The 
a-integration in (6.1-23) may be performed in terms of the generalized 
Airy function [Abramowitz and Stegun 1965, §10.4]
1 r °°
Gi (z) dt sin(zt + -|t3) . (6.1-25)
This gives
*
Xi 22/3B2 r 4/3 J 
C S
dn 4>.(i - n )2 \ 1/3 Gi'([2/C(l-n2)]2/3) , (6.1-26)
with
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S : = 0) (B2 + E 2)^ 2m Bc
sin6 (6.1-27)
and G i ’(z) := dGi(z)/dz. The properties of G i ’(z) are well known and 
extensive tabulations are available [Rothman 1954]. The asymptotic 
properties of Gi'(z) are
G i ’(z)
[27T3 1 / 3
for z »  1 , 
for z << 1 . (6.1-28)
The asymptotic form for z >> 1 given by Abramowitz and Stegun [1965, 
eqn. 10.4.88] is incorrect. The asymptotic properties (6.1-28) may be 
used to show that
1 + (e 2 + B2) for £ « 1 , (6.1-29)
90TTB'
and that
1  -
(15 ± 3) [T(|) ] 2 a sin20
147T^ 3 1/3 22/3 r(I) £ 4/3 B 2 (E2 + B 2) for £ »  1 .(6.1-30)
In both the £ << 1 and the £ >> 1 limits the polarization vectors of 
the natural modes are
e+ _ (-B cosQ, E, B sinQ) - _ (E cosQ, B, -E sin9)
(B2 + E2)^ ~  (B2 + E 2)^
(6.1-31)
The results (6.1-29) and (6.1-31) are identical to (6.1-22). Hence, 
the low-frequency weak-field wave properties of the vacuum are also 
valid for w 2sin20 > > 4 m 2 provided dispersive effects are weak and
€ « i .
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6.1.2 A magnetic field
The wave properties of the magnetized vacuum may be obtained from
(6.1-15), (6.1-16) and (6.1-17), with
X(B)o 4tt Re G (B)o (B) Q Re g [B)ki
-(B) Re G<B)
.2 , 2 - 2 X
(B) 0 , (6.1-32)
(0) -k )
and with the given by (5.2-20) or (5.2-22) or (5.3-21).
6.1.2.1 The weak-dispersion limit
For frequencies below the pair-production thresholds in the weak- 
dispersion limit one obtains
_ , 2tt (B)*y, - i + t  g x 0)
- , 2tt „(*)*y.. - 1 + —  G,.2 2 (6.1-33)
with
.(B)* e 3B
16tt2 j
da
a d3
exp(- am2) * 
sinh(eBa) ^i
x exp'io) sin 6 a -3 J_cosh(eß3) -cosh(eBa)]4a 2eB sinh(eBa)
and with
y* = AC02sin2e(tcosh(eBß> - cosh(eBOl)] + ^cosh(eBg) 
k sinh2(eBa)
1 -
(6.1-34) 
3tanh(eB3)
Yj = 40) sin 62_, 2J(« -e2) cosh (eBa) -%cosh(eB3) 1 -
atanh(eBa)_ 
3tanh(eB3)
atanh(eBa),
(6.1-35)
The result (6.1-33) with (6.1-34) and (6.1-35) for the weak-dispersion 
refractive indices of the magnetized vacuum has been obtained by Adler 
[1971], Tsai and Erber [1974] and Shabad [1975]. In the low-frequency 
limit the integrals in (6.1-34) may be performed explicitly [Tsai and 
Erber 1975].
On setting k2 = 0 and E =0 in (5.2-9) with (5.2-10) one obtains 
the results of Constantinescu [1972a], whose F and G are calculated 
from
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Att 4ttG = - —-r- (oi^-cosec2© a2 2 + cot^O a iX-2cot0 a 13) .2 a 11 1 3-
(6.1-36)
Using (5.1-14) these may be written in the simpler form
F = G<B>* , G = cosec2 0 (- g [B  ^* + G ^  *) , (6.1-37)m m
where F and G are now both manifestly renormalized.
6.1.2.2 The strong-field limit
In the presence of a strong magnetic field B >> B^_ one has
X0(B) ~ 0 and X ®  ~ 0 and
1 + X (B)
uf s 1 , 1 -U V  ( B )  2 Q1 + Xo COS 0
(6.1-38a,b)
with X^^ = Re ^ 2B V  - k|2 ) , where G^^ is given by (5.2-25). For
w2 - kn << 4m2 and k^ << 2eB (5.2-26) (or (5.3-34)) gives
X (B) e_ _B_3tt B * c (6.1-39)
and (6.1-38) becomes
Mu -
p2 g
1 + —  —  sin20 for 1 << B/B^ «  37r/a - 1290 , 
c
„ cos20 for B/B »  37T/a . c (6.1-40)
This result in the extreme limit B »  (3TT/a) B^ (- 5.7 xl O 1 gauss) has
a simple interpretation by analogy with waves in plasmas. The
2. 2 / 2refractive indices - 1 and Py -1/cos 0 correspond to those of the
magnetoacoustic mode and the (shear) Alfven mode in the limit of
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Alfven speed much greater than the speed of light [Stix 1962, p .33].
those of the magnetoacoustic and Alfven modes respectively. In 
particular, for the Alfven mode (II mode) the wave energy propagates 
along the magnetic field lines irrespective of the wave angle 0. 
However, for such strong magnetic fields it may be necessary to 
consider radiative corrections to the bubble diagram of figure 1-1.
For 1 << B/B << 3TT/a the vacuum refractive indices derived above c
reproduce the dominant low-frequency strong-field refractive indices 
obtained by Tsai and Erber [1975]. These results do not agree with 
those of Constantinescu [1972], whose approximation to the linear 
vacuum polarization tensor in the strong-field limit is not gauge 
invariant.
6.2 Cerenkov emission
The probability per unit time for Cerenkov emission of a photon
3 3in the mode ö in the range d k/(2tt) by an unpolarized electron of
momentum p is given in the radiation gauge by [Melrose 1974; 1978, 
§13.4]
where e and e’ are given by (4.3-6). In the classical limit (6.2-1) 
reduces to
The polarization vectors (6.1-16) for B»(3Tf/a)Bc also coincide with
(6.2-2)
where 3 is the velocity of the electron. Quantum effects in Cerenkov
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emission are negligible in the low-frequency limit (i.e. for 03 « m and 
IkI << m). The classical condition for Cerenkov emission may be 
written in the form (cf. §2.6)
y > (1 - u'2r h . (6.2-3)
For an isotropic medium the emission at a given frequency is confined 
to the surface of a cone of half angle arccos (l/y(o3) 3) about the 
direction of the instantaneous velocity of the particle.
Cerenkov emission may be treated using (6.2-1) or (6.2-2) 
provided the motion of the particle may be considered as constant 
rectilinear motion. A charged particle of mass m0 in a magnetic field 
spirals at the gyrofrequency := |q| B/m0y and its motion 
perpendicular to the field lines is circular motion with a 
characteristic gyroradius R := 3^/^» where 3^  is the speed 
perpendicular to the field lines. The emission by a spiralling charge 
may be treated as Cerenkov emission provided the conditions «  w and 
«  k3 are satisfied. In such cases the particles are said to be 
"unmagnetized". The effect of the spiralling motion of the charge 
must be taken into account when the conditions ^ «  co and ^ << k3 are 
not satisfied. An exact treatment of Cerenkov emission by an electron 
spiralling in an ambient magnetic field is given in §6.4.
v #The probability for Cerenkov emission ^n vacuo may be obtained 
from (6.2-1) or (6.2-2) by substituting for the natural wave 
properties of the vacuum permeated by an ambient electromagnetic field. 
These wave properties were derived in §6.1. The emission is a complex 
effect since the vacuum is birefringent and the refractive indices are 
functions of the direction of propagation of the waves. Emission in 
an electromagnetic wrench at an angle 6 to the field lines and at an
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angle arccos (l/y(ü),0) 3) to 3 is possible for
- aB + A - 2A 2
v B + A ‘ '}a2= V ?+
B - A - 2A
B - A
h
2 2 y =y
> 1 (+ mode) ,
> 1 (- mode) , (6.2-4)
where use has been made of the exact refractive indices (6.1-11) with 
(6.1-12). Cerenkov emission in vacuo is prohibited for sin0 = O. In 
the low-frequency weak-field limit (6.2-4) reduces to (cf. eqn. 
(2.6-2))
hysinQ - S i + S L > 45ttl 7« J - 52.5 (+ mode) ,
. Q (b 2 + e 2)1$YsinQ A-- --- 1—  > r45Tr)^4a 69.5 (- mode) . (6.2-5)
For a purely magnetic ambient field and for a purely electric ambient 
field Cerenkov emission in vacuo is possible for
Ysin0 Xi
.1 + X,
*2
2 2y =yf
> I (-L mode) ,
YsinQ
U  + X q + X 2J 2 2
p -m.
>1 (II mode) . (6.2-6)
In the low-frequency strong-field (1 «  B/B^ << 3TT/a) limit the 
condition (6.2-6) for Cerenkov emission in the magnetized vacuum 
reduces to (cf. eqn. (2.6-3))
YsinQ
f B
(B > 36 . (6.2-7)cJ
The emission in this limit is in the | mode.
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6.3 Photon-induced pair production
The exact absorption coefficient due to pair production in vacuo 
for weakly damped waves in the mode a may be obtained from the anti- 
hermitian part of the linear vacuum polarization tensor by using 
(6.1-4), (6.1-6) and (1.3-1); that is,
T°(k) = e°*(k) e°(k) a f f  (u°(k) ,k) . (6.3-1)
M°(k) E ~ 1 ~ J
The result (6.3-1) is a consequence of the optical theorem of Bohr et
al. [1939].
For an electromagnetic wrench with coordinate axes defined by 
B=(0,0,B) and k= | k | (sin9,0, cos0) the exact absorption coefficients 
for the natural wave modes are given by (6.3-1) with (w,k) given
by (5.2-18) and with the exact wave properties of the natural modes 
determined by (6.1-11), (6.1-13) and (6.1-5). Explicit expressions 
for the exact absorption coefficients are quite complicated and 
contain integrations which I have been unable to perform.
6.3.1 The high-frequency weak-field weak-dispersion limit
The exact absorption coefficients in an electromagnetic wrench 
may be evaluated analytically in the high-frequency weak-field weak- 
dispersion limit. To lowest order in the field strengths the exact 
absorption coefficients in this limit reduce to
+ %(X* - X? ± A h 2 X* + (X* - xt ± A*) X^X* + (Xp2 X?Y = ----------------------------------- , (6.3-2)
i -k / -k[i^A (X2 - Xj - A )]
with the given by (6.1-23) and with
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K
e sin20
4 TT 
x sin
,1
dn (l-n2) <$>*± da a
m2a + ~  (l-n2)2 e2(B2 + E2) ü)2sin20 a3 , (6.3-3)
JL
where the (j)'. are given by (6.1-24). The a-integration in (6.3-3) may 
be performed by using the Airy integral
dt t sin[|z(t+ |t3)] = -yz K 2(z) .
V 3 1
(6.3-4)
One obtains
-*
X
, 2 2 4e m f 1 d n --- -—  k 2
1 /Jrr 03(B2 + E 2) ''o (l-n2) 3
4
[3za -r]2)j (6.3-5)
where E, is given by (6.1-27). The n-integration in (6.3-5) may be 
carried out in terms of generalized hypergeometric functions, but the 
exact analytical forms are cumbersome and are not written down here. 
The asymptotic properties of K 2(z), V'tz.
K2(z)
3
U - ]2zJ
2^
exp(-z)
/I  r(f)
_ 1
for z >> 1 , 
for z << 1 , (6.3-6)
and the result (6.1-31) may be used to show that
(Y+,Y ) 
(Y+ ,Y~)
%e2m sin0 exp(-4/30 (B2 + E 2)* (1 > h)
e2m sin0
[ F ( | )  ] 2
2 z n  lit2 T(|) E,
(B2 +E2)^
1/3 B, (3,2)
for £ << 1 ,
(6.3-7)
for £ »  1 .
(6.3-8)
Note that Y+ > Y >0 in both the E, «  1 and E, »  1 limits. The high- 
frequency weak-field weak-dispersion absorption coefficients for 1 and 
I polarized photons propagating perpendicular to the field lines were 
derived by Daugherty and Lerche [1976] using the proper-time technique.
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6.3.2 A magnetic field
For a purely magnetic ambient field the expression (6.3-2) with 
(6.3-5) for Y reduces to the expression derived by Tsai and Erber 
[1974] for ’ . An alternative expression for the exact absorption 
coefficients due to pair production in the magnetized vacuum may be 
obtained from the anti-hermitian part of the linear vacuum 
polarization tensor corresponding to (5.3-10). After making the 
replacement p^ ~*~P'Z one obtains
O . . eB ^Y = *T S,n,n 
s ,s'
'°° dp .°° , ö(prod), v 
dpz Wqq- (y  * (6.3-9)
where
ü(prod) . . w \ (k) :qq
8TT2e2 njJUO
a>°(k)'|"
x 6(oj (k) - e - e  ,) 6(p' +p -k.,)~  q q z z I (6.3-10)
is the probability per unit time for the production of an electron 
with quantum numbers q and a positron with quantum numbers q' by a 
photon in the mode O in the range d 3k/(2iT)3. In (6.3-10), 3-s
the 3-vector part of (5.3-4) with e =+1 and e* =-l and the quantum 
numbers q f are the same as q ’ but with the sign of p^ _ changed.
The exact absorption coefficients due to pair production in the
magnetized vacuum may also be obtained from the form (5.3-39) with
(5.3-40) of the anti-hermitian part of the linear vacuum polarization
tensor. The presence of the functions 0 (k 2 ) and 0 (k 2 ) in0,-1 - 1,0
(5.3-40) implies that the absorption is only possible for oi2 > k2j + 4m2 
and oi2 > k y + m 2 [1 + (1 + 2B/Bc) 2] 2 respectively. These are the limiting 
photon energies for pair production by I and 1 polarized photons,
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respectively, propagating through the magnetized vacuum.
6.4 Gyromagnetic emission
The probability for the emission of a photon by a particle 
spiralling in a magnetic field is related by a crossing symmetry to 
the probability for photon-induced pair production. The probability 
per unit time for pair annihilation into a photon in the range 
d3k/(27T)3 by an electron with quantum numbers q and a positron with 
quantum numbers q ’ may be obtained from (6.3-10) by replacing k by -k, 
using
U)a (-k) = - 03°(k) , e°(-k) = eQ (k) , Rg(-k)
and by making a suitable relabelling. This gives
R°(k) ’
(6.4-1)
ü(ann), . w . (k)qq ~
ö (prod) (. . 
W qq' ’ (6.4-2)
where use has been made of the identity (5.3-7). The result (6.4-2) 
is a consequence of the principle of detailed balance.
The probability per unit time for emission of a photon in the 
range d3k/(2lT)3 by an electron with initial quantum numbers q and 
final quantum numbers q* is related to (6.4-2) with (6.3-10) by a 
crossing symmetry. By a suitable relabelling one obtains
ü(em)w .qq
8iT2e2 "ö
M°(k)|
^  |/*(k).r**,.(k)|2
x 6(w (k) -e + e  ,) 6(p'-p +k,,). ~  q q z z I (6.4-3)
The result (6.4-3) for the emission of a photon in an ambient magnetic 
field has been obtained using different methods by Tsytovich [1962] 
and Melrose [1974]. When the wave properties may be approximated by
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their field-free vacuum values (6.4-3) describes gyromagnetic emission 
in a non-dispersive medium [see e.g. Sokolov and Ternov 1968].
However, dispersive effects due to the polarization of the vacuum must 
always be included in any consistent relativistic quantum treatment of 
the emission of a photon in an ambient magnetic field [Schwinger et at. 
1976; Erber et al. 1976 b,c].
6.4.1 An alternative derivation of the 
linear vacuum polarization tensor
The linear vacuum polarization tensor in an ambient magnetic 
field may be derived from the known expression (6.4-3) for gyro- 
magnetic emission. Firstly, the probability for pair production may 
be obtained from (6.4-3) by using a crossing symmetry. Secondly,
e S ) ( M * * > m a y  b e  i d e n t i f i e d  f r ™ t h e  e ^ u a i i t y  ° f ( 6 - 3- 9) a n d  ( 6 - 3- i ) -
Thirdly, the hermitian part of the linear vacuum polarization 3-tensor
(a)may be calculated from (u),k) by using a double-subtraction
dispersion relation (cf. §4.3). Finally, the linear vacuum 
polarization 4-tensor may be obtained from the 3-tensor by using the 
requirements of charge continuity and gauge invariance (cf. eqn. 
(4.1-7)).
The foregoing method is a generalization both of the method used 
by Toll [1952] and Erber [1962, 1966] to calculate the refractive 
indices of the magnetized vacuum from the absorption coefficients for 
photon-induced pair production, and of the method used by Källen 
[1952] and Euwema and Wheeler [1956] for the unmagnetized vacuum.
This alternative method reproduces the result (5.3-39) with (5.3-40) 
for the anti-hermitian part of the tensor.
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6.5 Photon splitting
The probability for the splitting of a photon into two photons 
may be obtained from the quadratic vacuum polarization tensor by a 
procedure familiar in plasma physics. The scattering amplitude for 
photon splitting is [Melrose 1978, §13.4]
M(a -*a' +a") = 2(4tt)2 e°(k) e°'*(k') e ^ C k " )  ayVp(k,k\k") (6.5-1)
where ej^ (k) is the polarization 4-vector and where the factor of 2 is 
due to the indistinguishability of the two final photons. For the 
choice of gauge e^(k) = (0,-ea(k)) (the radiation gauge) the scattering 
amplitude may be written in 3-vector notation as
M(ö ->üf + g") - 2(471)2 e°(k) e°'*(k') e°"*(k") a (k,k\k") .
(6.5-2)
Photon splitting is kinematically allowed when the index matching 
condition (2.8-19) is satisfied. The probability per unit time for 
the decay process 0 - > ö ' +ö" for final photons in the ranges 
d3k* / (2tt) 3 and d3k"/(27T)3 is given by
o'o" (k,kf,k")
R°(k) R^'(k’) R^"(k")
! cjJ ° (k) ioa'(k') M0"(k")|
x |M(a -> a’ + a") I 2 (2tt) 4 (k - k' - k") .
(6.5-3)
The exact result (6.5-3) for the photon-splitting probability includes 
the effects of the ambient field on the properties of the photons.
The absorption coefficients due to photon splitting may be obtained 
from (6.5-3) by integrating over the momenta of the final photons (cf. 
eqn. (2.8-14)).
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6.5.1 A magnetic field
The probability for photon splitting in the magnetized vacuum is 
given by (6.5-3) with the quadratic vacuum polarization tensor 
identified either as (5.4-13) with (5.4-11) or as the vacuum part of 
(5.5-6) with (5.5-2) and (5.5-4), and with the wave properties of the 
natural modes of the vacuum described by (6.1-15), (6.1-16) and 
(6.1-17). This exact result is valid for all ambient field strengths 
and all photon energies when radiative corrections to the triangle 
diagrams of figure 1-3 are negligible. It is a generalization of 
earlier results obtained by Bialynicka-Birula and Bialynicki-Birula 
[1970], Adler et dl. [1970] and Adler [1971].
The lowest order term in an expansion of the scattering amplitude 
for photon splitting in powers of the ambient field strength is 
proportional to B. This term corresponds to the box diagram of figure 
2-1. It is identically zero in the non-dispersive case (see below). 
The next order term in the expansion of the scattering amplitude is 
proportional to B3. This term corresponds to the hexagon diagram of 
figure 2-2. In the non-dispersive case this term is proportional to 
uxi)'u)M and higher order terms in w, co* and w" are absent (see below). 
Odd powers of the ambient field do not contribute to the scattering 
amplitude for photon splitting due to the charge-conjugation 
invariance of quantum electrodynamics [Furry 1937],
In the strong field limit B >> B^ the scattering amplitude for 
photon splitting is of order exp(-B/B^). Photon splitting into two 
photons is suppressed in this limit. However, the splitting of a 
photon into more than two photons may be significant.
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6.5.1.1 The non-dispersive case
In the non-dispersive case the probability (6.5-3) for photon 
splitting reduces to (2.8-13). In this case the only Lorentz 
invariants on which the scattering amplitude for photon splitting can 
depend are S = -%E>2 , kF2k = B2üo2sin20 , k'F2k' = B2ü),2sin20 and 
k"F2k" = B2(jo"2sin20. Hence, to calculate the scattering amplitude for 
arbitrary 0 one may perform the calculation for 0 = tt/2 and then 
replace 03 by oo sin0, w ’ by w* sin0 and w" by w" sin0. In the 
radiation gauge the scattering amplitudes derived from (5.4-13) for 
0 = tt /2 reduce to
M(a + g ? +a") r ds r ds . r  dS" exp(~im2s) p ( q ^ a ' +q" )
tt'2 J0 o -0 s3 sin4 (eBS)
with
expS i [s"sttz +ss'u'2 + s ,sMcon2]
[^'M’u)2 + tt><b,,^ t 2 + t ,t,,ta),,23<
eB sin(eBS) (6.5-4)
D[(l) ->(11)’ +(II)M] 
D [ (II) (J-) ’ + (ll)"] 
D[(ll) ->(11)' +(!)"] 
D[(l) +(i)' + (!)"]
D  (oo,ooT ,a>" ;s,s' ,s") ,
D (— oo' ,wM ,-a);s' ,s",s)
D (-(*)" ;s",s,s')
D2 (03,0)’ ,w" ;s,s* ,s") ,
D(G -»-o' + o") = 0 otherwise ; (6.5-5)
where
S := s+s' + s" , (6.5-6)
D 1 (oo,oof ,ü),,;s,s' ,s") = 4m2 S2sin2 (eBS) [ ($' $" + $")V  + ($'<|m - $)2u)" ]
+ 4iS sin2 (eBS) ($2ooT + $"2w")
+ 8ieBS2 sin(eBS) [ ^ (^r (f:" + <j;'$")oo’ + ($ 1 + $' $)oo" ]
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+ 4 sin2 (eBS) {-($'((;" +$' £")2 (so)' - s'V) [sü)' + (s + s' )w"]u)'
+ ($'([: +((;’£)2 (so)' -s'V)[(s' + s" )to' + s'V ]a)"
- (Jü’o)" S[$2[(s ' + s")go' + s"0)"] + $"2[s w’ + (s + s')oo"]]}
+ 4S2 {^2 ($T (f:" +<t,$") V  3 + $2$"[$" + 2 ^  ($'<}:" + <{;'$") ]u)’ 2aj"
+ + 2<f:f ($’(: + ((:T$)]a)fa3"2 -h^ ,,2(^’(f: 4-((:,$)2(jü"3} ,
D2 (00,0)’ ,ooM ;s,s' ,s")
= - 4 sin2 (eBS) (m2S2 - iS - (so)’ - s"oo") [sco’ + (s + s’ )oj" ] }
x { T 2(j:"2 - (|]’2$"2)U)’ + [2^’ (f:’ + $"2($'2 - <(:’2) ]oo"}
+ 4 sin2 (eBS) (m2S2 -iS + [soo' + (s + s' )(jo" ] [ (s' +s")oo' + s"oo" ] }
X {[2$(|;$"t" + $2($"2 - (j:"2) loo’ + [2$<t4"(j:" + $"2($2 -((:2)]oo"}
- 4 sin2 (eBS) (m2S2 - iS + [ (s' + s")oo’ + s"ooM ] (soo’ - s"o)") } 
x {[2$<j4'<t' + ^ 2 (^'2 - (j:1 2) loaf +  (£’2<t2 - (j:’2 i2)oo"}
+ 4 s 2 (ij>2 ($'2<|;"2 - (|:'2^"2)0)'3 + $ " 2 ($'2b2 - (|:,2^2)0)m3
- [$2$"2 +2^"($'^+(|:'^)($'^" +(t'^ ")ooo)'oo"} . (6.5-7)
In the weak-field limit the leading contribution to the 
scattering amplitudes is of order B3. The linear dependence of the 
weak-field scattering amplitude on the magnetic field strength found 
by Skobov [1959], Minguzzi [1961], Sannikov [1967] and Gal’tsov and 
Skobelev [1971] is spurious. These authors incorrectly took account 
of the gauge dependent term (J)(x',x") in the electron propagator 
(3.4-1). To lowest order in the magnetic field strength the 
scattering amplitude is proportional to oxjü'o)" and higher order terms 
in a), 0)' and w" are absent. This confirms the statement by Adler 
[1971] that the scattering amplitude for photon splitting with exactly
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t h r e e  i n t e r a c t i o n s  w i t h  t h e  a m bien t  f i e l d  i s  e x a c t l y  g iv e n  by i t s  low- 
f r e q u e n c y  l i m i t .  The p r o b a b i l i t y  f o r  pho ton  s p l i t t i n g  i n  t h e  weak- 
f i e l d  l i m i t  i s  g r e a t e s t  when t h e  e n e rg y  o f  t h e  i n i t i a l  p h o ton  i s  
d i v i d e d  e q u a l l y  be tw een  t h e  two f i n a l  p h o to n s  ( i . e .  when 03’ = 03" =%*)).
An a l t e r n a t i v e  form o f  t h e  s c a t t e r i n g  a m p l i t u d e s  may be  o b t a i n e d  
by c h a n g in g  i n t e g r a t i o n  v a r i a b l e s  to
s := i ( s  + s '  + s M) , t  := i ( s + s ’ ) , u := i s  . ( 6 . 5 - 8 )
T h i s  g i v e s
M(a ->a' +a") i e 4B 2^
TT - o
s r t  / 2 \
d t  I du 
'o o
e x p ( - n r s )  D (a-»-o’ + a " )  
s 3 s i n h 4 (eBs)
exp u ( s  -  t )  _ s in h ( e B u )  s i n h [ eB(s  -  t ) ] c o s h [ e B ( t  -  u ) ] s eB s i n h ( e B s )
u ( t  -  u) _ s in h ( e B u )  s i n h [ e B ( t  -  u ) ] c o s h [ e B ( s  -  t ) ] 
s eB s i n h ( e B s )
u 2
+ ( t  -  u) ( s  -  t )  _ s i n h [ e B ( t  -  u) ] s i n h [ e B ( s  -  t )  ] cosh(eBu)  j (v,,2 
s eB s i n h ( e B s )  j
w i t h
+  ( 1 1 ) ’  +  ( I t ) ” ]
^ ( 1 ) ’  +  ( l l ) " ]
+  ( l l ) ’  +  ( I I ) " ]
- t
=  D i
■ +0-)'  + ( ! ) " ] - t-  D2
D^(o -»-o' +o") =  0
where
- tDj (03,03’ ,03" ; s , t , u)
03"
( 6 . 5 - 9 )
( 6 . 5 - 1 0 )
= 4m2s 2 s i n h 2 (eBs) {o3f s i n h 2 [eB (s  -  u) ] +03Ms i n h 2 (eB t)  }
-  4s s i n h 2 (eBs) {o3’ s i n h 2 (eBu) +03"s inh2 [eB (s -  t )  ] }
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- 8eBs2 sinh(eBs) {(V sinh [eB (s - u) ] sinh(eBu) + w Msinh(eBt)
x sinh [eB(s - t)} + 4 sinh2 (eBs) {- sinh2 [eB(s -u)][uo)' - (s - t)oo" ] 
x (uo)' + toj" )oj1 + sinh2 (eBt) [uu)' - (s - t)ooM ] [ (s - u)ü)’ + (s - t)(jo" ]u)"
- (jü'üü"s [sinh2 (eBu) [(s - u)oo’ + (s — t) ] + sinh2 [eB (s - t) ] (uco’ + too") ] }
+ 4s2{ü)’ 3sinh2 [eB(s - u) ] sinh2 (eBu) +U)"3sinh2 [eB(s - t) ] sinh2 (eBt)
+ 03» 2a)"sinh[eB(s - t) ] sinh2 (eBu) [2sinh[eB(s - t) ] + sinh[eB(t + s - 2u) ] ]
+ üO,aj"2sinh(eßu) sinh2 [eB(s - t) ] [2sinh(eBu) + sinh[eB(2t - u) ] ] } ,
-•j-
D2 (o),ü)' ,0) ;s,t,u)
= - 4 sinh2 (eBs) {m2s2 + s - [uw* - (s - t)oo" ] (uu)’ + tw") } 
x (sinh[eB(s - u) ] sinh[eB(2t - u - s) ]oo’
+ ^[cosh[2eB(t - u) ] - cosh2 [eB(2t-u-s)] - sinh2 [eB(2t-u-s)]](jo"}
+ 4 sinh2 (eBs) (m2s2 + s + (uw’ + tw") [ (s - u)üo’ + (s-t)u)"]} 
x {^[cosh[2eB(s - t) ] - cosh2 [eB(s-t-u)]- sinh2 [ eB (s - t - u) ] ]o)'
+ J^[ cosh (2eBu) ~ cosh2 [eB(s - t - u) ] - sinh2 [eB(s - t - u) ] ]oo" }
- 4 sinh2 (eBs) {m2s2 + s+[(s-u)w' + (s-t)üüM][uu)f - (s-t)u)"]} 
x {^[cosh[2eB(t - u) ] - cosh2 [eB(t - 2u) ] - sinh2 [eB(t - 2u) ] ]ooT
+ sinh(eBt) sinh[eB(t - 2u) ]u)" }
+ 4s2 (sinh2 (eBu) sinh [eB (s - u) ] sinh[eB(2t - s - u) ]co’ 3
+ sinh2 [eB (s - t) ] sinh(eBt) sinh [eB (t - 2u) ]u)M 3 
- [sinh2(eBu) sinh2[eB(s - t)]
+ 2 sinh(eBu) sinh [eB (s - t) ] sinh(eBt) sinh[eB(s - u) ] ]uxjOt w" } .
(6.5-11)
This form of scattering amplitudes is valid below the threshold for
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pair production (cf. §5.4). The result for M[ (1) -* (II ) ' +(ll)"] in the 
non-dispersive case below the threshold for pair production was 
obtained in a different form by Adler [1971] using the proper-time 
technique.
In the low-frequency limit the scattering amplitudes reduce to
M[(l) +(11)' +(II)M] = M[ (II ) +(!)’ +(ll)"] = M[ (II ) ->(11)’ +(1)M]
4ia3B3 oooo'oo" . ^  w ,„N ----- ------sin^G Mj(B) ,
M[ (1) (1) ' +(!)"] = (jXoVl sln30 Mj(B)
m'2. m
M(a ->g ' +a") = 0 otherwise ;
where
Mj(B) : — exp(-sB /B) s c
+ s 4s 6 coth s
+ |i + ®-4 6
2 0 o g 2csch s + Tr coth s csch s
M2(B) :
Bc
4
UJ
*co
expC-sB^/B) 0 —  coth s
+ i| - s2 2 3 2. 2csch s - — s csch s } .
(6.5-12)
(6.5-13)
The corresponding absorption coefficients are
K[<!) + (ll)’ +(ll)"] = K[(ll) -v(l)' +(ll)"] = K[(ll) -*(11)' + (i)"]
3 f 'S 5
[M^B)]2 ,a 3m B sin0
6 00
60tt2 Bc J w
K[(l) + (!)' +(!)"] a 3m fß sinG
6
M60tt2 l B ^ c J UJ
[M2(B)] 2,
k (0 + cr’ + g") = 0 otherwise . (6.5-14)
These results for the splitting of a low-frequency photon were derived
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by Adler [1971] from the Heisenberg-Euler Lagrangian density. The 
probability for photon splitting in the low-frequency limit is 
greatest when 03* = U)M = %i3 (as in the weak-field limit). In the weak- 
field limit (6.5-12) and (6.5-14) with (6.5-13) reduce to 
(2.8-12a,b , c) and (2.8-17a,b , c) . Higher order terms in 03, 03f and 0)'' 
are absent in the weak-field limit.
6.5.1.2 Dispersive effects
For 03 < 2m and B £ Bc in the weak-dispersion limit the splitting of 
I polarized photons is forbidden due to dispersive effects and the 
dominant splitting process for 1 polarized photons is (1) -* (|| ) ’ +(II)M 
(cf. §2.8). In this case the scattering amplitude for the process 
(J-) (II) ’ +(II)M is approximately equal to (6.5-9) with (6.5-10) and 
(6.5-11). A different form of the scattering amplitude for this 
process was derived by Adler [1971] using the proper-time technique.
In general, the exact refractive indices (6.1-15) must be used to 
determine whether a photon-splitting process is kinematically allowed. 
The polarization selection rules of Adler [1971] are
dispersive effects are strong. Processes involving an odd number of I 
polarized photons and processes corresponding to the box diagram of 
figure 2-2 may give significant contributions to the exact scattering 
amplitudes for photon splitting. Photon splitting in the magnetized 
vacuum is described exactly by (6.5-3) with the quadratic vacuum 
polarization tensor identified either as (5.4-13) or as the vacuum 
part of (5.5-6), and with the exact wave properties of the magnetized 
vacuum given by (6.1-15), (6.1-16) and (6.1-17).
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6.5.2 The kinetic equations for photon splitting
The distribution of waves (or, equivalently, of photons) in the 
vacuum (or in a plasma) is described by the occupation number
that semi-classical theory is applicable provided the phase of the 
waves is unimportant. In other words, the random phase approximation 
is a necessary part of semi-classical theory.
The secular changes in the distribution of the waves due to non­
linear wave-wave interactions may be described using kinetic equations 
[see e.g. Melrose 1978, chap. 5]. The basic probability for the 
photon coalescence process o' + o" ö is equal to the basic probability
q ’ CJMfor the photon splitting process 0->ö’ +ö". That is, w^ (k,k’,k") 
is the probability per unit time for both photon coalescence and 
photon splitting. This result follows from the principle of detailed 
balance.
The rate of transitions o' + o" ->ö is
Na (k) :=
W°(k)
(6.5-15)
where Wa (k) is the total energy in waves in the mode O in the range 
d3k/(2TT)3. The classical limit applies for N°(k) >> 1. In semi- 
classical theory it is assumed that N°(k) is well-defined, which means
w
and the rate of transitions 0~+o' + o" is
w£ ’°"(k,k\k") N°(k) [1+N°'(k')][l+Na"(k")] .
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G O Oand the latter transitions increase N and N and decrease N by 
unity. Hence, the (semi-classical) kinetic equations for photon 
splitting are
where
c!NG(k)
dt
d V  r d3k"
(2tt)
o * o"uG ° (k,k\k") ,
(2tt)3 a
(6.5-16a)
dN (k') r ^ k  f d 3k" Q» g "
(2tt) 3 (2tt)3 O
u_ (k,k',kM) , (6.5-16b)
o"dNU (k") 
dt
d 3k  r d k3 i ,  t
(2tt ) J (2tt)3 a
G' g"uG ° (k,kf,k") , (6.5-16c)
uo ° (k,kf,kM) wG,GM(k,k',k") (Nö '(kr) NG"(k") - N a (k)
x [1+NG? (k') + N G"(k")]} . (6.5-17)
The term involving N°(k) alone in (6.5-17) is intrinsically quantum 
mechanical and does not contribute in the classical limit.
6.5.3 Emission and absorption of waves by waves
An interesting limiting case of photon splitting is the emission 
of a low-frequency wave by a high-frequency wave. In this case one 
may choose 00° - 0)G >> ooG and |k| - | k" | »  |k’ | and make an expansion in
powers of ojG /ooG and |k1 |/|k|. This involves making the replacement
6[w G (k) - oaG ? (Tk ’ ) -wG"(k")] Staf'ck') - k \ v G(k)] (6.5-18)
/-S»/ /-*»/ /"V' /
in (6.5-3), where vG (k) := 3u)G (k)/3k is the group velocity for waves 
in the mode O. The probability per unit time for emission of a low- 
frequency wave in the mode o' by a high-frequency wave in the mode G
is defined by
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G ’ f
wa <&.& ) : =
d3k” G ' O"W^ (k,k*,k")
(2tt)3 a
(6.5-19)
and the kinetic equations (6.5-16b) and (6.5-16a) reduce to
dN (k’>
dt
d3k
w (k,k’)
(2tt)3 a
9N°(k)
N (k) + k' . o 1N° (k*) (6.5-20a)
and
dNÖ (k)
dt
td 3k 9 f G
(2tt)7  ~  - ä k  i w G  f e k 1 )  l N  ( y + i s *  •
3Nu (k) t i 
NG (k')
(6.5-2Ob)
The kinetic equations (6.5-20a,b) for emission and absorption of waves 
by waves are analogous to the quasi-linear equations for the emission 
and absorption of waves by particles [see e.g. Melrose 1978, §5.3].
6.6 Photon-photon scattering
The probability for photon-photon scattering may be obtained from 
the cubic vacuum polarization tensor by a procedure familiar in plasma 
physics. The scattering amplitude for photon-photon scattering is 
[Melrose 1978, §13.4]
M(o + o' +o" +o"' ) = 6(4ti)2 e”(k) e°'(k’) e°"*(k") e°'"*(k’")
x ayvpT(k,-k' ,k",k"’) , (6.6-1)
where the factor of 6 is due to the indistinguishability of the 
initial photons and of the final photons. The probability per unit 
time for the scattering process G + ü’ ->GM +o,n for final photons in the 
ranges d3k"/(27r)3 and d3k'M / (2tt) 3 is
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0 o' ö" gmtR^(k) (k’) (k") Rj: (k'")
U)°(k) u° ’(k') uG"(k") ü)a"’(k"')|
x |M(a + o' +o" +o'") | 2 (2tt)4 ä(") (k+k' -k" -k"') .
(6.6-2)
In the centre-of-momentum system (cf. §2.9) the differential 
scattering cross section for photon-photon scattering is [Berestetskii 
et al. 1971, §65]
where the scattering amplitude and the wave properties are those 
corresponding to the ambient field as measured in the centre-of- 
momentum system.
In the presence of an ambient magnetic field the probability 
(6.6-2) and the differential cross section (6.6-3) for photon-photon 
scattering may be obtained from the cubic vacuum polarization tensor 
discussed in §5.6 or from the vacuum part of (5.7-1) with (5.7-2), 
with the wave properties of the magnetized vacuum given by (6.1-15), 
(6.1-16) and (6.1-17). These exact results are valid for all ambient 
field strengths and all photon energies when radiative corrections to 
the box diagrams of figure 1-4 are negligible. In the field-free 
limit they must reduce to the results obtained by Karplus and Neuman 
[1951]. In the low-frequency field-free limit the semi-classical 
differential cross section (2.9-4) is derived [see e.g. Berestetskii 
et al. 1971, §124].
6.6.1 The kinetic equations for photon-photon scattering
dö
dft |m (ct + a' -»-a" +a"T) |2 , (6.6-3)
The probability per unit time for waves in the modes G and o' to
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a" o'"scatter into waves in the modes ö" and o'" is w , (k,k',k" ,k'" ) . The
(semi-classical) kinetic equation for is
(2n)3 (2tt) 3
x {N°"(k") Na’"(k"') [1+N°(k) +N°' (k')]
rr rr ’ rr*' rf111- Nu (k) N (k?) [1+N (k")+N (k'")]}. (6.6-4)
6.7 Wave-wave interactions in a plasma
The wave properties for the electromagnetic modes of a collision­
less electron-positron plasma in an ambient magnetic field may be 
derived from the linear response tensor (5.3-1) by using standard 
plasma techniques. The probability for the decay process 0-^0' + ö" 
(and for the coalescence process O' + o" -+o) for waves in the plasma is 
given by (6.5-3) with (6.5-1), with identified as the quadratic
response tensor (5.5-6). The (semi-classical) kinetic equations 
(6.5-16a,b,c) describe the secular changes in the distribution of the 
waves in the plasma.
Four diagrams contribute to the scattering amplitude for the 
process o+o' -*a"+o'" in a plasma (to lowest order of nonlinearity). 
Three diagrams are of the form of figure 6-la and one is of the form 
of figure 6-lb. Cross-hatched circles denote multiple photon vertices 
[Melrose 1974]. In the nonlinear response tensor which corresponds to 
a multiple photon vertex one power of e2 is incorporated into the 
square of the electron plasma frequency U)2 := 4'JTne2/m, where n is the 
number density of electrons. This effectively reduces the order of
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(b)
Figure 6-1: Contributions to the scattering process
0 +oT -*-a" +a,n in a plasma.
nonlinearity of the corresponding process. Such a reduction does not 
occur for processes in vacuo. Only the vacuum diagram corresponding 
to figure 6-lb (i.e. the cubic vacuum polarization diagram) 
contributes to the scattering amplitude for photon-photon scattering 
(to lowest order in the radiation field).
The scattering amplitude for the process ü+ü* “►ö" + 0 M’ in a
collisionless electron-positron plasma in an ambient magnetic field
may be derived from the nonlinear response tensors (5.5-6) and the
symmetrized (5.7-1). The probability for the process is given by
(6.6-2) with (6.6-1). The (semi-classical) kinetic equation (6.6-4)
o' o" a'"and the corresponding equations for N , N and N describe the 
secular changes in the distribution of the waves in the plasma.
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CHAPTER SEVEN 
APPLICATIONS TO PULSARS
7.1 Introduction
Many models have been developed in an attempt to explain the 
observed properties of pulsars [see e.g. Manchester and Taylor 1977]. 
The most widely accepted models are polar-cap models, where the radio 
emission is attributed to relativistic particles streaming outwards 
along the open field lines of a pulsar. The aim of this chapter is to 
apply the results of the earlier chapters to specific polar-cap models. 
No attempt is made to formulate a new model for pulsars.
The observational data on pulsars has been reviewed extensively 
by a number of authors [see e.g. ter Haar 1972; Manchester and Taylor 
1977]. The pulsation period P (= 2tt/!T2, where £1 is the angular 
frequency of rotation) of a pulsar is typically of order a second, 
with 0.033 s and 3.8 s being the extremes observed. The period P is 
stable to at least one part in 108. The ratio of P to its first time 
derivative P is of order 106 years or longer, with two notable 
exceptions, namely the Crab pulsar with P/P = 2.5 x 103 years and the 
Vela pulsar with P/P = 2 x104 years. The spectra of the Crab and Vela 
pulsars extend from the radio range into the optical, X-ray and y-ray 
ranges. The spectra of almost all other pulsars are restricted to the 
radio range, with a lower cut-off at 100 MHz and an upper cut-off at 3 
GHz. Individual subpulses are often highly linearly polarized with an
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occasional circular component. There is a tendency for consecutive 
subpulses to have one or other of two orthogonal planes of 
polarization [Manchester et at. 1975]. Emission in such "orthogonal 
modes" also appears in the integrated profile and in individual 
subpulses [Backer et at. 1976].
7.2 Polar-cap models of pulsars
Charged particles stream out along open field lines from the 
polar caps of a pulsar [Goldreich and Julian 1969]. Radhakrishnan 
[1969] suggested that these particles would emit coherent curvature 
radiation in the radio range, where coherent implies that the 
particles in a bunch radiate in phase. Coherent curvature radiation 
as a pulsar emission mechanism has been developed further by 
Komesaroff [1970], Sturrock [1971], Ruderman and Sutherland [1975], 
Cheng and Ruderman [1977a] and Benford and Buschauer [1977]. Bunching 
mechanisms which have been proposed are the two-stream instability 
[Ruderman and Sutherland 1975; Cheng and Ruderman 1977a] and self- 
bunching due to the coherent emission [Goldreich and Keeley 1971]. 
Melrose [1978a] has suggested that both these mechanisms are 
inadequate for pulsars. Melrose has also shown that the brightness 
temperature which may be produced by coherent curvature emission is 
significantly restricted by the back-reaction to the coherent emission 
and by absorption by the bunches.
Polar-cap models involving multi-stage plasma emission mechanisms 
have been proposed by Kaplan and Tsytovich [1973, §20], Hardee and 
Rose [1976] and Hinata [1976]. In these models the streaming 
particles produce a build-up of plasma turbulence and various
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nonlinear plasma processes convert the energy in this turbulence into 
energy in escaping radiation.
Amplified linear acceleration emission has also been considered 
as a polar-cap pulsar emission mechanism [Cocke 1973; Melrose 1978a]. 
This mechanism is the simplest acceptable maser emission mechanism.
No maser version of curvature emission exists in vacuo [Blandford 
1975] or in an isotropic plasma [Melrose 1978a]. Provided relatively 
large-amplitude high-frequency electric oscillations and mildly 
relativistic electrons and/or positrons are present, amplified linear 
acceleration emission can account for many of the properties of the 
radio emission from pulsars. A detailed model of amplified linear 
acceleration emission accounting for fine structures in the emission 
pattern of pulsars has yet to be formulated.
A feature of many polar-cap models of pulsars is curvature 
emission of y-ray photons (of energy - 109 eV) by relativistic 
"primary" particles (of energy - 1012 eV) moving along curved field 
lines near the polar caps. These high energy photons are converted 
into "secondary" electron-positron pairs by interaction with the 
intense electromagnetic field surrounding the pulsar. The resulting 
electron-positron plasma streams out along the open field lines with 
Lorentz factor y+ -103 and number density n+ - 2 x 103 f2BsR3/2TTer3, 
where B^ is the surface magnetic field strength, R is the stellar 
radius and r is the radial distance from the centre of the star 
[Ruderman and Sutherland 1975].
The characteristic time for the relaxation of electrons and 
positrons to their ground state of gyrational motion in a magnetic 
field (i.e. to their lowest Landau orbital) due to synchrotron
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emission is quite short in the near magnetosphere. Specifically it is 
[Blandford 1975; Melrose 1978, §13.4]
tr
3y
4r ft2 e e
2 x 10 8 Y (7.2-1)
where r is the classical radius of the electron, ft := eB/m is the e e
non-relativistic electron gyrofrequency and Y is the Lorentz factor 
corresponding to the particle motion parallel to the magnetic field 
lines. For B «  1012 gauss and Y %  103, (7.2-1) gives t^ «  2 x 10 13 s. 
Synchrotron radiation rapidly reduces the transverse momentum 
component p^ of the electrons and positrons in the neighbourhood of a 
pulsar. In addition, conservation of the first adiabatic invariant 
M := pjVß implies that p^ decreases as a particle propagates away from 
the polar caps. Hence, all electrons and positrons in the near 
magnetosphere should be in their lowest Landau orbital. In particular, 
the electron-positron plasma streaming out along the open magnetic 
field lines is one-dimensional above the polar caps.
To account for the optical emission from the Crab pulsar,
Sturrock et at. [1975] proposed that the electrons and positrons 
produced by Y~ray photons near the polar caps of a pulsar form 
relatively small bunches and emit coherent curvature radiation at 
optical frequencies. Sturrock et at. [1975] also argued that 
incoherent synchrotron emission may be the source of the X-ray 
emission from the Crab pulsar but not of the optical emission. Cheng 
and Ruderman [1977b] proposed inverse Compton scattering of radio 
photons by relativistic electrons and positrons as the source of the 
optical and X-ray emissions from the Crab pulsar.
Some relatively low-energy (< 109 eV) Y-ray photons produced by
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curvature emission near the polar caps of a pulsar may escape from the 
pulsar along the dipole axis without decaying into pairs (or splitting, 
cf. §7.7). Hardee [1977] has suggested that these y-ray photons may 
be responsible for the low-energy pulsed y-ray emission which has been 
observed from several pulsars. Hardee [1977] and Hinata [1977] have 
argued that the high-energy (> 1011 eV) y-ray emission observed from 
the Crab pulsar is probably due to emission by relativistic particles 
in the vicinity of the light cylinder. Their argument is that y-ray 
photons of this energy produced closer to the star would decay by pair 
production before escaping from the magnetosphere.
7.3 Spontaneous pair production
The intense electromagnetic field of a pulsar will decay by the 
spontaneous creation of pairs unless E.B=0 and B2 >  E2 (cf. §2.3). 
The field in the co-rotating magnetosphere of a pulsar is stable with 
respect to spontaneous pair production (cf. §1.4). However, the 
electric field along the open magnetic field lines will produce pairs 
spontaneously. In the absence of other secular changes a process 
occurring in this pair-creating field may be considered as occurring 
in a static field (in the co-rotating frame) provided the time-scale 
for the process is much shorter than the time-scale associated with 
the decay of the field.
For an electromagnetic wrench the probability per unit time and 
volume for spontaneous pair production is given by (2.3-7), viz.
Pg(E,B) 1—  exp n r
n T T m2
eE
coth (7.3-1)
The rate at which the (classical) electric field energy density decays
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is
(%E2) = 2e PS(E,B) , (7.3-2)
where the electron and the positron are assumed to be created with 
energy £. The characteristic time for the electric field to decay is 
therefore
ts 4e Pg(E,B) ’ (7.3-3)
and the number density of electron-positron pairs created in the time
t (« t ) is s
n (t) ~ t P (E,B) .S b (7.3-4)
The Heisenberg uncertainty principle requires ApAx^l, where Ap 
is the uncertainty in the momenta of the created particles and Ax is 
the uncertainty in their position. The electron and positron cannot 
be created with a separation much in excess of a Compton wavelength 
and it is meaningless to consider creation with a separation of less 
thanAa Compton wavelength^ Hence one expects Ax % 1/m, and an 
initial momentum spread of Ap % m. After inserting e = 2m in (7.3-3), 
the characteristic time for the decay of the electric field is
Cs ~ 8m P_(E,B) • (7.3-5)
Spontaneous pair production will have a negligible effect on the 
structure of the electromagnetic field surrounding a pulsar provided 
t >>t and n, >>n (t ), where t (< %P/P) is the age of the pulsar. 
The electric field along the open magnetic field lines near the pulsar 
surface is the strongest pair-creating field in a pulsar magneto­
sphere. This field must be less than that which would obtain for a 
magnetized neutron star rotating in vacuo. For a dipolar magnetic
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field this limit is (cf. eqn. (1.4-9))
E < RfüB . (7.3-6)s s
For P=1 s, R = 106 cm, Bs =1012 gauss and t^=106 years one has
E = 2 x108 esu and s
P (E , B ) - 5 x 104 4 exp(-7xl05) cm"3 s"1 ,b S S
t - 10 3 0 exp(7 X 105) years ,
n (t ) - 1058 exp(-7xio5) cm"3 . (7.3-7)s p
It may be concluded that spontaneous pair production has a negligible 
effect on the electromagnetic field surrounding a pulsar. (A possible 
case for which spontaneous pair production by electric fields of order 
the critical field E^ may be significant is in the neighbourhood of a 
massive black hole [Parker and Tiomno 1972].)
7.4 The natural wave modes in 
a pulsar magnetosphere
In this section the linear response tensor for an electron- 
positron plasma in the presence of an ambient magnetic field is used 
to determine the wave properties of the electromagnetic modes of a 
relativistically-streaming electron-positron plasma. The results are 
applied to an interpretation of the polarization characteristics of 
the electromagnetic emission from pulsars. Most of the work presented 
in this section has been published in Melrose and Stoneham [1977c].
7.4.1 The linear response tensor
The long-wavelength limit of the linear response tensor for an
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electron-positron plasma in an ambient magnetic field (neglecting the 
response of the vacuum) is given by (5.3-8). The long-wavelength 
limit is relevant for radio, optical and X-ray photons propagating 
through a pulsar magnetosphere (see below). For a monoenergetic 
distribution of particles all in their lowest Landau orbitals, a 
fraction f of which are positrons with the remaining fraction 1 - f 
being electrons, the linear response 3-tensor in the rest frame 
reduces to
11 22
OO2
tr
2, ,2m oo
[ (oo2 - m) 2 - 4m2oo2 ]
-a21 = i(l-2f)
moo (a)2 - m) e
[ (oo2 - 2^m) 2 - 4m2oo2 ]
a = — ^ ---—----- , a.. = 0  otherwise, (7.4-1)
* (co2 - 4 m 2)
where oo is the non-relativistic plasma frequency and ^  is the non- 
relativistic gyrofrequency. Intrinsic relativistic quantum 
corrections to classical magnetoionic theory are included in (7.4-1). 
The claim by Canuto and Ventura [1972] that there are no quantum 
mechanical corrections to classical magnetoionic theory is correct 
only within the context of non-relativistic quantum theory. 
Relativistic quantum effects in (7.4-1) are unimportant for oo << 2m and 
oo2 << 2^em, which inequalities correspond to photon energies «  1.022
hMeV and « 0 . 1 0 8  B12 MeV respectively where B 12 is the magnetic field 
strength in units of 1012 gauss.
The result (7.4-1) applies to an electron-positron plasma at rest 
and the corresponding result for an electron-positron plasma streaming 
with speed ß along the magnetic field lines may be obtained from it by
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applying a Lorentz transformation [Melrose 1973] 
dielectric tensor (1.3-1) one obtains
with
For the equivalent
GO2
yor
(7.4-2)
oo (1 - yßcosQ)
11 [oo2 (1 - yßcosG) 2 - ft2/y2 1 1 2
i(l-2f) w ( l - yßcosG)
[co2 (1 - yßcosG)2 - ft2/y2] e
yßsinG yßsinG
13 ‘ (1 - yßcosG) ii ’ ( 1 - yßcosG) 12 »
oo2y2ß2sinzG+
y2 (1 - yßcosG)2 [oo2 (1 - yßcosG)2 - ft2/y2]
(7.4-3)
where the relativistic quantum corrections are neglected, and where oo^ 
is the plasma frequency in the rest frame.
The approximations made in deriving (7.4-2) with (7.4-3) require
oo2y2sin20 «  2£>em , w|ycos0 -ß| «  mß , (7.4-4)
(the long-wavelength limit) and
ooy (1 - yßcosG) << 2m, oo2y2 (1 - yßcosG)2 «  2S7em , (7.4-5)
(the neglect of relativistic quantum effects). The long-wavelength 
approximation should be well satisfied for the radio, optical and 
X-ray emissions from a pulsar. Relativistic quantum effects of the 
electron-positron plasma may be significant for the optical, X-ray and 
y-ray emissions from a pulsar. In the near magnetosphere, however, 
these effects are likely to be dominated by those associated with the
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polarization of the magnetized vacuum.
The result (7.4-2) is valid for a monoenergetic distribution of
particles. The generalization of (7.4-2) for an arbitrary
distribution f(Pz) of particles in momentum may be obtained by
multiplying (7.4-2) by f(p ) and integrating over p , withz zf°o
dp f(p ) = 1. A spread in the momentum distribution may wash out
J —00
the resonances and cut-offs in the refractive indices derived from 
(7.4-2). Specific expressions for the distribution function for a 
relativistic non-quantum plasma in an intense magnetic field have been 
suggested by Tsytovich and Kaplan [1972] and Suvorov and Chugunov 
[1973]. These authors do not include quantum effects in the 
relaxation to the ground state of gyrational motion and their results 
may therefore not be applicable to pulsars. Only a monoenergetic 
distribution of particles is considered here.
7.4.2 The properties of the natural wave modes
The properties of the natural wave modes in a pulsar magneto­
sphere may be obtained from the linear response tensor by using 
standard plasma techniques. For transverse waves in the weak- 
dispersion limit the refractive indices of the two electromagnetic 
modes are given by
y2 = 1 +^Ael 1 cos20+^2A£22+^Ac3 3sin20 - e13sin0cos0
± [%(A£j1cos20 - Ae22 +Ae33sin20 - 2z13sin0cos0)2
- (£12cos0 + e23sin0)2]2 , (7.4-6)
where Ae .. := £.. - 6 ... The polarization of the two modes is ij iJ ij
described by the axial ratios T+ of the polarization ellipse, with
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T>0 for right-hand polarization and |t | >1 implying the major axis 
along the projection of B on the plane orthogonal to k. For 
transverse waves in the weak-dispersion limit one has
-i(£ cos0 + £ sinO)
T± = -------------------------------------------------------- .(7.4-7)
1 + A e :: + A e 33 - (1 + Aex xsin20 + Ae3 3cos20 + 2 z l3sin0cos0)
7.4.2.1 Radio emission
Some applications of (7.4-6) and (7.4-7) in the context of radio 
emission in polar-cap models of pulsars are as follows:
1. The contribution of the electron-positron plasma to the 
equivalent dielectric tensor dominates that due to the vacuum.
2. For sufficiently high frequencies (oj2 >>w2/y, w >> /y) thep e
refractive indices of the two modes are approximately equal to
y = 1 - to2/2yoo2.P
3. The modes are approximately linear (T = °°, T =0) for
le „cos0 + eo sin0I 2 «  Ae,,cos20 - Ae„„ + Ac sin20 - 2e, sinOcosOI 2 ,' 1 2  23 1 ' l l  22 33 13 1
(7.4-8)
and this condition can always be satisfied except for a very small 
range of angles near 0 = 0,tt provided the numbers of electrons and 
positrons are sufficiently nearly equal. Specifically, the modes are 
linear for
sin20
\f-h\ «  ----------- ----------------. (7.4-9)
4oiy3 I cos0 - yß| (1 - y(3cos0)2
For a pure electron gas f =0. Even in this case, and with no 
streaming, if w << the modes will be nearly linear for almost all 0 
except 0-0 and 0 -7T, a result which follows from classical magneto-
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ionic theory. Cocke and Pacholczyk [1976] have suggested that
linearly polarized modes may be explained in this way. For a pure
electron gas which is streaming, condition (7.4-9) can still be
satisfied. However for oj > Q /y3 it can only be satisfied for 0 - y 1,e
and it is only in this range of 0 that the modes are linear.
4. For approximately equal numbers of positrons and electrons and 
highly relativistic streaming the modes are approximately linear 
except for 0 <0 << y 1. The effect of this small angular range on the 
polarization of the radiation is negligible.
To substantiate the above statements, consider inequality (7.4-9) 
for small angles of propagation (cos0 - 1 - %02, sin0 - 0) and highly 
relativistic streaming (ß-l-Vf-2) and with y = 1. The condition for 
linear modes is then
0 2
\i-h\ «  --------------- 2--------------• (7.4-10)
wy3 102 - (l/y2)I (02 + (l/y2))2
For 0 = y-1 (7.4-10) is always satisfied (although when y^l is used in 
(7.4-9) this is not necessarily the case). For 0=%y-1, for example, 
the modes are linear for |f-J$| << (32/75)^ey/(j0, which is easily 
satisfied for f For 02 <<y-2 the modes are linear for
|f _i-| << 2fi^ 02y3/co. Circular polarization is significant only for 
(0y)2 << (o)/2^ y) |f ~h\> For f - ^  this is a very small range of angles 
near 0=0. The curvature of the field lines means that this small 
range of angles has negligible effect on the polarization of the 
radiation.
5. For self-consistency, the refractive indices derived using 
(7.4-6) with (7.4-2) and (7.4-3) must satisfy |y2 -l| <y 2. This is 
not the case for the + mode for a small range of angles near 0 =y 1,
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but the effect of this on the propagation of pulsar radio emission is 
expected to be small since 0 increases rapidly due to the curvature of 
the field lines.
7.4.2.2 Optical, X-ray and y-ray emissions
The vacuum wave properties for optical and X-ray photons in a 
pulsar magnetosphere may be approximated by the low-frequency weak- 
field wave properties (6.1-22). The presence of an electric field 
parallel to the magnetic field lines has little effect on the vacuum 
refractive indices since E << B (cf. eqn. (1.4-9)). The contribution 
of the magnetized vacuum to the refractive indices dominates the 
contribution from the electron-positron plasma provided
Except for propagation nearly parallel (or anti-parallel) to the 
magnetic field lines the vacuum contribution is dominant for the 
optical (for r <10 R) and X-ray (for r <100 R) emissions from pulsars.
The vacuum wave properties for y-rays of energy >> 1 MeV in a 
pulsar magnetosphere may be approximated by the high-frequency weak- 
field weak-dispersion wave properties (cf. §6.1). The response of the 
electron-positron plasma has negligible effect on the propagation of 
y-rays in a pulsar magnetosphere.
7.4.3 Applications to the radio emission from pulsars
Polarization transfer in a medium with linearly polarized natural
2
(7.4-11)
modes has been discussed by Pacholczyk and Swihart [1970] and Cocke 
and Pacholczyk [1976]. Initially linearly polarized radiation (with
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degree of linear polarization v q^ and polarization angle Xq) 
traversing a distance s through the medium emerges with degree of 
linear polarization r ^ = r ^ [1 - sin2(2/^)sin2(Aks)], degree of circular 
polarization r ^ = r ^ s i n  (2x^) sin (Aks) and with position angle given by 
tan(2x) = tan(2x^)cos(Aks) , where Ak := (a)(vi - y ). Cocke and 
Pacholczyk [1976] concluded that emergent radiation polarized in 
orthogonal modes could result when the rotation depth Aks - tt/2. Their 
arguments apply in the present case where the linear natural modes are 
determined by the relativistically-streaming electron-positron plasma. 
However, the condition Aks — tt/2 is unnecessarily restrictive since 
Aks >> 1 also results in emission in orthogonal modes. The two modes 
propagate independently when the condition Aks >> 1 is satisfied. This 
feature was used by Backer et at. [1976] to interpret the emission in 
orthogonal modes in terms of a geometric model with slightly different 
ray paths for the two modes.
For linearly polarized natural wave modes in a relativistically- 
streaming electron-positron plasma (7.4-6) with (7.4-2) and (7.4-3) 
gives
sin20
AT P CAk = ---------------- - ------------------------ -
2ooy5 (1 - 3cos0)2 |oo2 (l-3cos0)2 - ft2 /y2 |
oo2 sin20
* -----P----------  for w2(i _ 3cos0)2 «  tt2/yz , (7.4-12)
2wy3(l - 3cos0)2
and for a pulsar s may be approximated by the radius of the velocity 
of light cylinder. Below a critical frequency (corresponding to 
Aks =1) a large rotation depth is possible for radio emission 
propagating through a pulsar magnetosphere and above this frequency 
strictly orthogonal modes are no longer exhibited. A randomization of
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the position angle (resulting in depolarization of the integrated 
pulse), a decrease in the degree of linear polarization and an 
increase in the degree of circular polarization are predicted as the 
frequency increases^ The first two predictions are consistent with 
the observations of Manchester et oil. [19 75] and Manchester et al.
[1973] respectively, but sufficient data on the degree of circular 
polarization of pulsar radio emission is not yet available to test the 
third prediction.
7.4.A Applications to the optical, X-ray 
and y-ray emissions from pulsars
Novick et al. [1977] have used the low-frequency weak-field wave 
properties of the magnetized vacuum to determine the effect of vacuum 
birefringence on the polarization of the optical and X-ray emissions 
from pulsars. These authors concluded that any polarized X-ray 
emission from the surface of a pulsar would be depolarized as it 
propagated away from the pulsar. The detection of linearly polarized 
X-ray emission from a pulsar would imply that the radiation was 
produced at a location well removed from the surface of the pulsar.
The situation is not so obvious for optical radiation from pulsars, 
although any optical radiation emitted at a large angle to the dipole 
axis would probably be depolarized.
The low energy y-ray emission from a pulsar is thought to escape 
from the pulsar along paths where pair production is negligible (e.g. 
along the dipole axis). The y-ray photons will propagate freely along 
these paths since the vacuum refractive indices are approximately 
equal to unity. The vacuum refractive indices are also approximately 
equal to unity for y-ray photons produced far from the polar caps.
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7.5 Cerenkov emission
Relativistic particles in a pulsar magnetosphere may emit 
radiation by the Cerenkov effect due to interaction with the ambient 
plasma and with the magnetized vacuum. Only Cerenkov emission in the 
magnetized vacuum is considered here. Cerenkov emission in a 
magnetized plasma in the magnetoionic approximation in the absence of 
streaming has been treated by Sollfrey and Yura [1965], and their 
results may be used to treat the monoenergetic streaming case by 
applying a Lorentz transformation.
Sturrock [1971] was the first to consider Cerenkov emission in 
the magnetized vacuum as a possible emission mechanism for pulsars. 
Cerenkov emission is possible provided the condition (6.2-3) is 
satisfied, that is, provided
Y > {1-[u(u>,e)r2r !'2 • (7.5-1)
Most of the power radiated by a highly relativistic particle is 
confined to its forward emission cone of half angle y-1. Sturrock 
[1971] pointed out that the condition (7.5-1) is not satisfied for 
low-frequency (oo « m) forward emission by a primary or secondary 
particle streaming along a magnetic field line in a pulsar magneto­
sphere. However, the condition (7.5-1) may be satisfied for emission 
by a primary particle outside its forward emission cone. This 
suggests that Cerenkov emission could provide an emission mechanism 
for pulsars if maser or coherent versions of Cerenkov emission are 
possible.
An additional condition for Cerenkov emission by a particle 
moving along a magnetic field line is 0 = arccos(1/p(w,0)3), that is,
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y2 (u), 0) ß2cos20 = 1. (7.5-2)
Over a wide range of frequencies (e.g. U3«m; go sin0 >> 2m in the weak 
weak-dispersion limit with E, >> 1) the weak-field refractive indices of 
the magnetized vacuum may be approximated by
y2(u),0) = l + £(o))sin20 , (7.5-3)
with 0<£(oo) <1. Cerenkov emission at these frequencies is forbidden 
since there are no solutions of (7.5-2) for real 0. At other 
frequencies (e.g. go sin0 >> 2m in the weak-dispersion limit with £ »  1) 
the vacuum refractive indices are less than unity and Cerenkov 
emission is also forbidden. Hence, Cerenkov emission by primary and 
secondary particles in a pulsar magnetosphere is prohibited at all 
angles for a wide range of frequencies. In particular, Cerenkov 
emission cannot be the source of the radio, optical or X-ray emissions 
from pulsars. Cerenkov emission as a possible source for y-ray 
emission in a pulsar magnetosphere needs to be investigated further.
7.6 Photon-induced pair production
Pair production by high-energy y-ray photons in the intense 
electromagnetic field surrounding a pulsar is an essential feature of 
many models of pulsars. The absorption coefficient used in most 
models is the E=0 limit of (6.3-7) for unpolarized photons, that is, 
the E = 0 limit of
/t) 2 I
y (go,0) = 0.23 e2m sin0 exp(-4/3Q , (7.6-1)BC
y
where E, = (üü/2m) (B2 + E2 ) 2sin0/Bc << 1. The result (7.6-1) is a highly 
sensitive function of The absorption coefficient for a wrenchless
field with E2 < B2 has been obtained by Daugherty and Lerche [1975] by
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applying a Lorentz transformation to the E = 0  limit of (7.6-1).
The presence of a relatively strong electric field in a pulsar 
magnetosphere may have a significant influence on the absorption 
coefficient for y-rays. Daugherty and Lerche [1975, 1976] have 
pointed out that the absorption coefficient is a highly sensitive 
function of the electromagnetic field structure and of the photon 
propagation direction and frequency. A detailed model of pair 
production in a pulsar magnetosphere is therefore dependent on the 
development of a detailed model of the electromagnetic structure of 
the magnetosphere.
7.7 Photon splitting
Goldreich [see Lenchek 1972] was the first to point out that 
photon splitting may be significant in a pulsar magnetosphere for low- 
energy (< 100 MeV) y-ray photons. However, when photon-induced pair 
production is kinematically allowed it dominates over photon splitting 
as a photon absorption mechanism [Adler 1971]. Photon splitting may 
be significant for y-ray photons of energy £ 2m - 1.022 MeV.
The refractive indices for y-ray photons in a pulsar magneto­
sphere are determined by the response of the vacuum (cf. §7.4).
Plasma-induced violations of Adler’s [1971] polarization selection 
rules are therefore insignificant. For 0) £ 2m and B £ Bc the splitting 
of I polarized photons is absolutely forbidden by dispersive effects 
and the absorption coefficient for the splitting of 1 polarized 
photons is approximately (cf. §2.8)
K± = K[ (1) ->(||)' +(ll)"] * 0.12 B sinO]5Bc '
cm-  l (7.7-1)
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This provides a mechanism for the production of polarized photons in a 
pulsar magnetosphere at frequencies where photon splitting is 
significant [Adler 1971]. An unpolarized beam of photons will contain 
only I polarized photons after many photon-splitting absorption 
lengths. However, only I polarized photons (which do not split) are 
produced by curvature radiation. In addition, the absorption 
coefficient (7.7-1) is unlikely to be large over a sufficient distance 
for photon splitting to be significant in a pulsar magnetosphere. 
Consequently, one would not expect splitting of y-ray photons to be 
significant in pulsar emission. The observation of a smooth spectrum 
for the low-energy pulsed y-ray emission from the Crab pulsar [Kurfess 
1971] does suggest that photon splitting is insignificant.
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CONCLUSIONS
Effects related to the polarization of the vacuum in an ambient 
electromagnetic field have been discussed using the techniques of 
plasma physics. An advantage of this method is the relative ease with 
which effects associated with an ambient electron-positron plasma are 
included. The results have been applied to an investigation of the 
electromagnetic emission from pulsars. Further applications to 
pulsars will be possible when a more sophisticated model of a pulsar 
magnetosphere is available.
The effect of the ambient electromagnetic field has been included 
exactly. However, discussion of processes in magnetic fields of 
strength greater than about 1016 gauss may be of little physical 
significance. Lerche and Schramm [1977] have argued on both dynamical 
and quantum-mechanical grounds that fields of this strength are 
unlikely to occur in astrophysical situations.
Care must be taken when considering processes for field strengths 
of order the critical field strength B^. Neglect of radiative 
corrections to the Feynman diagram corresponding to a given process in 
an intense field may lead to incorrect results for the process. 
Jancovici [1969], for example, has pointed out that the prediction by 
O ’Connell [1968 a,b] and Chiu et at. [1968] of spontaneous pair 
production by an intense field was based on the incorrect assumption 
that the anomalous magnetic moment of an electron is given exactly by 
its lowest order term. The prediction by Cover and Kalman [1974] of a
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longitudinal photon-like resonance for B-TTB^/a is based on 
extrapolation of results valid for B < B c. The strong-field refractive 
indices of the magnetized vacuum derived in §6.1 may not be valid when 
radiative corrections to the bubble diagram of figure 1-1 are 
significant.
For the field-free vacuum the finite dimensionality of space-time 
allows one to re-express the amplitudes for vacuum polarization 
diagrams with more than four sides (i.e. with order of nonlinearity 
greater than cubic) in terms of the amplitudes of related four-sided 
(box) diagrams [see e.g. Melrose 1965]. This conclusion will also be 
valid in the presence of an ambient plasma or an ambient electro­
magnetic field provided the appropriate electron propagator is 
substituted for the field-free vacuum propagator. Hence, exact vacuum 
polarization effects (without approximation in the radiation or 
ambient fields) may in principle be derived from the linear, quadratic 
and cubic vacuum polarization tensors.
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SUGGESTIONS FOR FURTHER RESEARCH
1. Theoretical
(i) The radiative corrections to the linear vacuum polarization 
tensor in an ambient electromagnetic field need to be calculated. The 
lowest order corrections correspond to the diagrams of figure 1-2. 
These corrections may be significant for field strengths of order the 
critical field strength B^.
(ii) The theory of Cerenkov emission in the vacuum permeated by 
an ambient electromagnetic field should be developed further.
(iii) An explicit result for the cubic vacuum polarization tensor 
in a magnetic field would enable one to treat photon-photon scattering 
and two-photon pair production in the magnetized vacuum.
(iv) Photon splitting, photon coalescence and nonlinear 
scattering in a magnetized plasma may be treated using the quadratic 
response tensor derived in §5.5.
(v) Photon-photon scattering in a magnetized plasma may be 
treated using the cubic and quadratic response tensors derived in 
§§5.5 and 5.7.
2. Astrophysical
(i) Spontaneous pair production by an electric field and 
Cerenkov emission in the magnetized vacuum need to be investigated as
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possible y-ray emission mechanisms for pulsars.
(ii) The role of pair production by y-ray photons in a pulsar 
magnetosphere may be studied further when a detailed model of the 
electromagnetic structure of the near magnetosphere of a pulsar is 
obtained.
(iii) The importance of photon-photon scattering and two-photon 
pair production in a pulsar magnetosphere should be investigated.
(iv) Wave propagation in a pulsar magnetosphere may be studied in 
more detail when the momentum distribution function for the 
relativistically-streaming electron-positron plasma is determined. 
Knowledge of this distribution function would also enable one to 
determine whether a maser version of curvature emission exists in a 
pulsar magnetosphere.
(v) Cerenkov emission in a magnetized plasma should be developed 
as an emission mechanism for pulsars.
(vi) The long-wavelength limit of the quadratic response tensor 
in an intense magnetic field could be used to consider photon 
splitting, photon coalescence and nonlinear scattering in a pulsar 
magnetosphere.
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APPENDIX A
EVALUATION OF TRACES
A frequent operation in this thesis is taking the trace of the 
product of a number of Dirac matrices. It is convenient to introduce 
the tensor
• y n f:= %Sp IY (A-l)
Due to the invariance of the trace under cyclic permutations of the 
matrices, the tensor (A-l) is symmetric with respect to cyclic 
permutations of the indices.
The trace of an odd number of Dirac matrices vanishes and the 
trace of an even number of Dirac matrices may be obtained from the 
definition (1.1-14) of the Dirac matrices [see e.g. Berestetskii et 
at. 1971, §22]. This gives
UV _ yvT = g
Tuvpo .  gUVgP C _gy Pgva + guogv P>
t UVPö tA = gyvTpüTÄ _ gypTVöxX + g yoTvpxA _ gyxTvpaX + gyXTvpax   ^ (A_ 2)
and so on. By inspection of (A-2) the traces T
^...Pn
are non-zero
only if each of the matrices Y ^ Y ^ Y 2»!3 appears in the product an
even number of times.
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APPENDIX B
EVALUATION OF INTEGRALS
To Fourier transform the vacuum polarization tensors to momentum 
space the following 4-dimensional integrals are required:
y yv yvp
J > J j^
r
: = d4x y y v y v p, XJ_ X_L ,x1x1 x1
x exp[-ia^ (x2)j^ - ia|| (x2)|| + i(bx)^ + i(bx)|| ] ,
(B-l)
with > a| >0» as well as integrals obtained from (B-l) by everywhere 
interchanging the subscripts I and 1. Each 1-dimensional integration 
in (B-l) is of the form
dp exp (±iay2 + ibri) , (B-2)
with a>0. To evaluate J+ it is convenient to change the integration
variable to
This gives
€ : (1+ i)
y/l
0 ± 2a (B-3)
d±i) l ib2] r ,2s------  exp + d^ exp(-a£ )
v ' ^_on
| Y h r  i b 2 i
U exp [ +  4a  J± /2
(B-4)
The integral J in (B-l) may be evaluated using (B-4) and the remaining 
integrals in (B-l) may be obtained from J by differentiation with
respect to the components of b . This gives
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u uv uvp
J
iT2i
-------- exp -
al a|| 14
(b2) (b2),
+
1 , 2a
al a ll
i g f
, R V  P
bl bl bi
4ai 2ai 8 a |
PV P , v PKb , „PU, V gj bl + gj bl + gj^j
4a?
(B -5 )
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APPENDIX C
SUMMATION FORMULAE
For any function f(n,n') of integers n and n', both positive 
semi-definite, one has
M 
8 OO
2 f (n ,n ’ + 1)
OO 00
= 2 2 f(n + l,n'
OO
+ 1) + 2 f (0,n’ +1) ,
'=0 n=0 n'=0 n=0 n ’ =0
OO
2
OO
2 f (n + l,n ’ )
OO 00
= 2 2 f(n + l,n'
OO
+ 1) + 2 f (n + 1,0) ,
'=0 n=0 n ’=0 n=0 n=0
OO OO
2 2 f (n ,n' )
OO OO
= 2 2 f (n + 1, nT
oo
+ 1) + 2 f(n +1,0)
n’=0 n=0 n'=0 n=0 n-0
OO
+ 2 f (0,n’ +1) +f (0,0) , (C-l)
n'=0
OO oo oo
2 2 f(n+l,n’ +1) 6 , = 2 f(n+2,n+l) ,
n’=0 n=0 n n> n=0
OO OO oo
2 2 f(n+l,n' +1) 6 , = 2  f(n + l,n+2) . (C-2)n'=0 n=0 n -n,i n=Q
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LIST OF SYMBOLS
All symbols are defined in the text at least when they first 
occur. Where no ambiguity could arise, a symbol is sometimes used 
with another meaning. Frequently used symbols are listed below with 
their usual meanings.
A vector potential
A^ 4-potential
Bc := m2/e, critical field strength
Bs surface magnetic field strength of a pulsar
B ambient magnetic field
D electric induction
D (k) yv bare photon propagator
V (k) yv exact photon propagator
e electronic charge
öe polarization vector of waves in the mode 0
E ambient electric field
V := 9 A - 9 A , Maxwell tensor y v v y
yv •= -he f^yvpA
-yv
Fi f |2 = -F^1 = -1, F^V = 0 otherwise
F|l F 3 = —F3|0 = -1, F^jV = 0 otherwise
gyV := diagonal(l,-l,-l,-l), metric tensor
yv
Si := diagonal(0,-l,-l,0)
yv
8I := diagonal(l,0,0,-l)
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G(p) := l/(^-m), field-free electron propagator
Ol TI ✓—
v
T3 v—
' averaged Feynman electron propagator
G(x,x*) electron propagator in an ambient field
Gp (x,x’) Feynman electron propagator
G f (p ) exact electron propagator
H magnetic field strength
3P (k) 4-current density
k wave vector
kU wave 4-momentum
£ phenomenological Heisenberg-Euler Lagrangian 
density
m mass of electron
M(ö -^ö1 +ö") scattering amplitude for photon splitting
M(ö + o' -* ö" + Gm  ) scattering amplitude for photon-photon scattering
M(p) mass operator
m dipole moment of a pulsar
n principal quantum number
+
n
q
occupation number of electrons or positrons
Pn := (2neB)2
Pi
h: = [ (2n + 1 + s) eB ] 2
P particle momentum
yp 4-momentum
p := E.B
(P principal value
P S (E,B) probability, per unit time and volume, for 
spontaneous pair production
q the set {p ,p ,n,s} y z
re classical radius of the electron
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r position vector
R radius of a neutron star
RE (t> ratio of electric to total energy in waves in the 
mode ö
s spin quantum number
S := h ( E 2 - B2)
t time
o 1 o"
W q (k»k ,k ) probability per unit time for the process 
a -> o ’ + a"
ö"o'" (k,kf ,k" ,k"') probability per unit time for the process 
0 + 0 '  + 0" + o m
yX A-position
a := e , fine structure constant
a ij(k) linear response 3-tensor
a
Ä k )
a magneto-electric tensor
linear response tensor or linear vacuum 
polarization tensor
ayVp(k,k’,k") quadratic response tensor or quadratic vacuum 
polarization tensor
ayVpö(k,k' ,k",km ) cubic response tensor or cubic vacuum polarization 
tensor
3 particle velocity
a magneto-electric tensor
Y := (l-(32) 2, Lorentz factor of a particle
Y(a),0), Ya (k) absorption coefficient due to pair production
Yy Dirac matrix
6(x) Dirac delta function
6(4)(x) 4-dimensional delta function
6. . ij Kronecker delta
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V x) gauge independent part of electron propagator
£ := (m2 + 1 £ 1 2) 2
e , e(pz ,n,s)
p
:= [m2 + p2 + (2n + 1 + s)eB] 2 z
En (pz) := (m2 + p2 + 2neB) 2
£ij(k) equivalent dielectric tensor
e. .ij
ijks
electric permittivity tensor
completely anti-symmetric permutation symbols
6 sign of charge
0 wave angle
0(x) unit step function
K(G - g^ ' + a") absorption coefficient due to photon splitting
K := k/|k|
y := |k|/oo, refractive index
y ij
€
magnetic impermeability tensor 
:= (w/2m) (B2 + E 2)'* sin0/Bc
g t
total scattering cross section
G Pauli matrices
yvG , . y V v y.:= h(y y  - y y  )
z : = i G 12
Z' := o 03
scalar potential
4>(x,x' ) gauge dependent part of electron propagator
^(x) four-component wave function
ijj(x)
4*
:= (x)y°, Dirac conjugate wave function
$(x) operator corresponding to ifj(x)
lp€ (x,p ,p )n,s y z
i|je (r,p ,p )n,s ~  y z
( j ü ,  (jO°(k)
normalized wave function in a magnetic field 
:= exp[ie£(pz ,n,s) ] s ^ x,Py »Vt)
wave frequency
(47Tne2 /m) non-relativistic electron plasma
frequency
:= eB/m, non-relativistic electron gyrofrequency 
angular frequency of rotation of a pulsar
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